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WEYL QUANTIZATION OF DEGREE 2 SYMPLECTIC GRADED
MANIFOLDS
MELCHIOR GRU¨TZMANN, JEAN-PHILIPPE MICHEL, AND PING XU
Abstract. Let S be a spinor bundle of a pseudo-Euclidean vector bundle (E, g) of even
rank. We introduce a new filtration on the algebra D(M,S) of differential operators on S.
As main property, the associated graded algebra grD(M,S) is isomorphic to the algebra
O(M) of functions on M, where M is the symplectic graded manifold of degree 2 canon-
ically associated to (E, g). Accordingly, we define the Weyl quantization on M as a map
WQ~ : O(M) → D(M,S), and prove that WQ~ satisfies all desired usual properties. As
an application, we obtain a bijection between Courant algebroid structures (E, g, ρ, J·, ·K),
that are encoded by Hamiltonian generating functions on M, and skew-symmetric Dirac
generating operators D ∈ D(M,S). The operator D2 gives a new invariant of (E, g, ρ, J·, ·K),
which generalizes the square norm of the Cartan 3-form of a quadratic Lie algebra. We
study in detail the particular case of E being the double of a Lie bialgebroid (A,A∗).
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1. Introduction
This paper is devoted to the study of Weyl quantization of degree 2 symplectic graded
manifolds, and its application to Courant algebroids.
In searching for the Lie algebroid analogue of Drinfeld’s double of Lie bialgebras [10],
Liu–Weinstein–Xu introduced the notion of Courant algebroids [21]. The Courant algebroid
axioms were later reformulated by Roytenberg [29] in terms of Dorfman brackets. However
these axioms still remain mysterious, and various attempts have been made in order to
understand Courant algebroids in a more conceptual and transparent way. One approach was
through a degree 3 Hamiltonian function in a degree 2 symplectic graded manifold. When a
Courant algebroid E is the double A⊕A∗ of a Lie bialgebroid (A,A∗), Roytenberg [29] proved
that the Courant algebroid structure on E is indeed equivalent to a degree 3 Hamiltonian
generating function Θ on the symplectic graded manifold T ∗[2](A[1]) satisfying the equation
{Θ,Θ} = 0. Following an idea of Weinstein, Roytenberg [30] and Sˇevera [32] extended this
result to arbitrary Courant algebroids and proved that there is essentially a bijection between
Courant algebroids and degree 3 Hamiltonian generating functions on degree 2 symplectic
graded manifolds. By a graded manifold we always mean a N-graded manifold.
Around the same time, in 2001, in an unpublished manuscript [1], Alekseev–Xu took
a different approach in terms of Dirac generating operators, an analogue of Kostant’s cubic
Dirac operators [20]. Alekseev–Xu’s approach was motivated by the following basic example
[6] due to Cabras–Vinogradov. LetM be a manifold, and X(M) ∼= Γ(TM) be the Lie algebra
of vector fields on M . The idea is to extend the Lie bracket on X(M) to sections of the
bundle E = TM ⊕ T ∗M . Observe that sections of E act on the space of differential forms
Ω(M) by contraction and by exterior multiplication, respectively,
(X + α) · µ := ιXµ+ α ∧ µ,
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where α ∈ Γ(T ∗M) = Ω1(M), X ∈ X(M) and µ ∈ Ω(M). This action turns Ω(M) into a
Clifford module of the Clifford bundle Cl(E), where E is equipped with the standard bilinear
form:
(X1 + α1,X2 + α2) =
1
2
(〈α1,X2〉+ 〈α2,X1〉),
and the Clifford generating relation is xy + yx = 2(x, y).
Using the de Rham differential d : Ω•(M)→ Ω•+1(M), one can form the derived bracket
[17] on sections of E:
(1.1) Je1, e2K := [[d, e1], e2], ∀e1, e2 ∈ Γ(E),
where both sides are viewed as operators on Ω(M). It is straightforward to check that
Eq. (1.1) coincides with the Dorfman bracket of the standard Courant algebroid TM ⊕T ∗M .
Observe that Ω(M) is indeed a real spinor bundle of (TM ⊕ T ∗M, 〈·, ·〉). For a general
Courant algebroid (E, g, ρ, J·, ·K), Alekseev–Xu [1] proved that there exist cubic Dirac type
generating operators, acting on a certain spinor bundle of (E, g), which play exactly the same
role as the de Rham differential operator d does in Cabras–Vinogradov’s approach to the
standard Courant algebroid1. Thus a natural question arises: is there any relation between
Hamiltonian generating functions and Dirac generating operators of a Courant algebroid?
To answer this question, we are naturally led to the study of Weyl quantization on
symplectic graded manifolds of degree 2. The classical Weyl quantization formula is the pro-
totypical example of a quantization map: to each polynomial function on the classical phase
space T ∗Rn, it assigns a differential operator on Rn. More precisely, the Weyl quantization
maps polynomials in the coordinates (xi, pi) to differential operators on x
i, and is defined as
the symmetrization map such that pi 7→ ~i ∂∂xi and xi 7→ mxi (multiplication by xi). Weyl
quantization has been generalized to various contexts and plays a role in different branches
of mathematics, e.g. harmonic analysis [12], pseudo-differential symbolic calculus [16], for-
mal [2] and strict [27] deformation quantizations. More specifically, we are concerned by the
extension of Weyl quantization to smooth manifolds and supermanifolds. Using an affine con-
nection on M , Underhill has built a Weyl quantization on the symplectic manifold T ∗M [35].
Considering in addition a connection on a vector bundle V → M , Widom [37] has obtained
more generally a quantization map of the form QM~ : O(T ∗[2]M)⊗C∞ Γ(EndV )→ D(M,V ),
where D(M,V ) is the algebra of differential operators on V , see also [4]. In the case where
V = S is the spinor bundle of a Riemannian spin manifold (M, g), Getzler [13] has used
such a map QM~ to get a Weyl quantization on the symplectic supermanifold T ∗M ⊕ ΠTM
and then prove the index theorem for the Riemannian Dirac operator. See [36] for the case
where S = Ω(M). Other related quantization schemes have been applied to even symplectic
supermanifolds, see e.g. [5, 25, 24].
In our situation, as a first step, by taking a metric preserving connection, we can write
any degree 2 symplectic graded manifold as T ∗[2]M ⊕ E[1], where E is a vector bundle
1 To the best of our knowledge, Cabras-Vinogradov’s contributions to Courant brackets seem to have been
overlooked by the community so far.
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over M equipped with a pseudo-metric g. According to [28], the degree 2 symplectic form
on T ∗[2]M ⊕E[1] can be written explicitly in terms of the canonical symplectic structure on
T ∗[2]M , the pseudo-metric g and the chosen connection. Our first main result is to construct
Weyl type quantization for this graded symplectic manifold T ∗[2]M ⊕E[1] by a combination
of Clifford quantization and classical Weyl quantization. This generalizes the previous works
[13, 36]. More precisely, we assume that (E, g) is of even rank and admits a spinor bundle S,
i.e., EndS ∼= Cl(E) with Cl(E) = Cl(E)⊗C the complex Clifford bundle. Then, we introduce
an increasing filtration of the algebra D(M,S): D0(M,S) ⊂ D1(M,S) ⊂ · · · ⊂ Dk(M,S) ⊂
· · · satisfying the conditions
Dk(M,S) · Dl(M,S) ⊆ Dk+l(M,S),
[Dk(M,S),Dl(M,S)] ⊆ Dk+l−2(M,S),
∀k, l ∈ N.
As a consequence, the associated graded algebra grD(M,S) =⊕k∈NDk(M,S)/Dk−1(M,S),
is a graded commutative Poisson algebra of degree −2, which we prove to be isomorphic
to OC(T ∗[2]M ⊕ E[1]). Such an isomorphism enables us to define the principal symbol
σk : Dk(M,S)→ OCk (T ∗[2]M⊕E[1]), ∀k ∈ N, exactly in the same way as in the classical case.
We prove that the Weyl quantizationWQ~ establishes an isomorphism OC(T ∗[2]M⊕E[1])→
D(M,S), which is the right inverse of the principal symbol map, and satisfies all the usual
desired properties. Note that the filtration we introduce on D(M,S) is distinct from both
the usual filtration by the order of derivations and the Getzler’s filtration (see [13]). In a
certain sense, this is the only filtration which turns grD(M,S) into a graded commutative
Poisson algebra, with non-degenerate Poisson bracket. Roughly speaking, it assigns degree 2
to derivations and degree 1 to sections in Γ(E) ⊂ Γ(Cl(E)).
The second part of the paper is devoted to the application of Weyl quantization to
Courant algebroids. The consideration of a specific spinor bundle S, obtained by twisting
S by a certain line bundle, allows us to define a conjugation map and an adjoint operation
on D(M,S). A Dirac generating operator is then defined as a real operator in D3(M,S),
which is odd and squares to a function on the base manifold. Following an idea of Sˇevera
[32], we prove that, for a given Courant algebroid, there exists a unique skew-symmetric Dirac
generating operator, and moreover the Weyl quantization map WQ establishes a bijection
between Hamiltonian generating functions and skew-symmetric Dirac generating operators.
This is our second main result. As an application, by considering the square of the unique
skew-symmetric Dirac generating operator, we obtain a new Courant algebroid invariant. We
prove that this new invariant, as a function on the base manifold, is a natural extension of
the square norm of the Cartan 3-form of a quadratic Lie algebra. As another consequence, we
recover a result of Chen–Stie´non [8] regarding Dirac generating operators for Lie bialgebroids,
which gives an equivalent description of Lie bialgebroid compatibility condition. In this
case, E = A ⊕ A∗ and there are two natural twisted spinor bundles, each of them admit a
Dirac generating operator. When the Lie bialgebroid corresponds to a generalized complex
structure, they coincide with the ∂ and ∂-operators of the generalized complex structure [7].
WEYL QUANTIZATION OF DEGREE 2 SYMPLECTIC GRADED MANIFOLDS 5
Some remarks are in order. We learned recently that Li-Bland and Meinrenken also
obtained similar results in their study of Dirac generating operators [23].
Notations. Finally, we list the notations used throughout the paper.
N = {0, 1, 2, . . .} denotes the set of non-negative integers, N× = {1, 2, . . .} the set of
positive ones and i =
√−1. Tensor products over the algebra of real numbers are denoted
by ⊗ or ⊗R, whereas tensor products over the algebra C∞(M) are denoted by ⊗C∞. For
a vector space (or a vector bundle) V , symmetric and skew-symmetric tensor products are
denoted by SV and ∧V respectively. We use the Einstein’s summation convention without
further comments.
Acknowledgments. We would like to thank several institutions for their hospitality while
work on this project was being done: University of Luxembourg (Gru¨tzman), Penn State
University (Michel), Universite´ Catholique de Louvain (Xu), and Universite´ Paris Diderot
(Xu). We also wish to thank many people for useful discussions and comments, including
Rajan Mehta, Dmitry Roytenberg, Mathieu Stie´non, Yannick Voglaire, and in particular
Pavol Sˇevera for sharing many of his unpublished letters. Finally, we are very grateful to
Anton Alekseev, who contributes to numerous key concepts and ideas in this paper through
the unpublished manuscript [1], and should be considered as a “virtual co-author” of this
paper.
2. Symplectic graded manifolds of degree 2
We recall in this section some standard materials concerning symplectic graded mani-
folds. Our presentation is based mainly on [30, 31], enriched with the work of Rothstein on
symplectic supermanifolds [28].
2.1. Definition. A graded manifold M is a smooth manifold M endowed with a sheaf of N-
graded algebras O such that, for every contractible open set U ⊂M , the algebra of functions
O(U) is isomorphic to C∞(U)⊗SV , for a fixed N×-graded vector space V =⊕i∈N× Vi. Here,
SV = ⊗i∈2N× SVi ⊗ ∧Vi−1 is the graded symmetric tensor algebra of V and the grading of
O(U) is induced by the one of V . In particular, the degree 0 component of O(U) is C∞(U).
The algebra of global sections of O is called the algebra of functions on M and denoted
by O(M). Coordinates on U together with a graded basis of V form a local coordinate
system (xi) on M. The grading on the algebra of functions, O(M) =⊕k∈NOk(M), is then
given by the decomposition of O(M) into eigenspaces of the Euler vector field on M:
ǫ = w(xi)xi
∂
∂xi
,
where w(xi) ∈ N denotes the degree of the coordinate xi, i.e., w(xi) = 0 if xi is a coordinate
on U and w(xi) = j if xi ∈ Vj .
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Given a smooth vector bundle E →M and a positive integer k ∈ N×, by E[k], we denote
the graded manifold with base M , whose algebra of functions is
O(E[k]) =
{
Γ(∧E∗) for k odd,
Γ(SE∗) for k even.
Here sections of E∗ are assigned the degree k. The graded manifold E[k] is also called a
shifted vector bundle. We will mostly consider graded manifolds build out of shifted vector
bundles.
A symplectic graded manifold of degree n is a graded manifold M endowed with a
symplectic form of degree n, i.e. a closed non-degenerate 2-form ω, whose Lie derivative
along the Euler vector field ǫ satisfies Lǫ ω = nω. The algebra of functions O(M) admits
a Poisson bracket of degree −n, i.e., {Ok(M),Ol(M)} ⊂ Ok+l−n(M) for all k, l ∈ N. The
Poisson bracket is graded skew-symmetric and satisfies the graded Jacobi identity, namely
{F,G} = −(−1)(k−n)(l−n){G,F},
{F, {G,H}} = {{F,G},H} + (−1)(k−n)(l−n){G, {F,H}},
for all F ∈ Ok(M), G ∈ Ol(M) and H ∈ O(M).
2.2. Example. In [28], Rothstein gives a description of symplectic supermanifolds in terms
of the following data: a pseudo-Euclidean vector bundle (E, g) over an ordinary symplectic
manifold and a metric connection ∇ on (E, g), i.e., a connection on E satisfying ∇g = 0.
In the sequel, we will adapt his construction to the graded context and obtain a symplectic
structure of degree 2 on the Whitney sum T ∗[2]M ⊕ E[1] over M .
Proposition 2.1 ([28]). Let E → M be a smooth vector bundle, endowed with a pseudo-
Euclidean metric g and a metric connection ∇. Then, the graded manifold T ∗[2]M ⊕ E[1]
admits an exact symplectic 2-form of degree 2:
(2.1) ωg,∇ := dα where α = π∗1α0 + π
∗
2β.
Here π1, π2 are the canonical projections on T
∗[2]M and E[1] respectively, α0 is the Liouville
1-form on T ∗[2]M and β ∈ Ω1(E[1]) is the 1-form on E[1] which annihilates on the horizontal
subspace of TE[1], corresponding to the connection ∇, and satisfies βe(ve) = 12gπ(e)(ve, e) for
all vertical tangent vector fields ve ∈ TeE[1].
In what follows, we make repeated use of the identification E ∼= E∗, induced by the
metric g, and of the identifications below, without mentioning them explicitly:
O0(T ∗[2]M ⊕ E[1]) ∼= C∞(M),
O1(T ∗[2]M ⊕ E[1]) ∼= Γ(E),
O2(T ∗[2]M ⊕ E[1]) ∼= Γ(TM ⊕∧2E).
The spaces C∞(M), Γ(E) and X(M) ∼= X(M) generate the entire algebra of functions
on T ∗[2]M ⊕ E[1]. Hence, by the Leibniz rule, the symplectic structure on T ∗[2]M ⊕ E[1]
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can be characterized in terms of the following Poisson brackets:
{X, f} = X(f), {h, f} = 0,
{X, ξ} = ∇X ξ, {f, ξ} = 0,(2.2)
{X,Y } = [X,Y ] +R(X,Y ), {ξ, η} = g(ξ, η),
where X,Y ∈ X(M), ξ, η ∈ Γ(E) and f, h ∈ C∞(M). Since ∇ is a metric connection, its
curvature R(X,Y ) defines an element in Γ(∧2E), i.e., a degree 2 function on T ∗[2]M ⊕E[1].
From (2.2) it is simple to see that the bracket {·, ·} is indeed of degree −2.
Remark 2.2. According to Eq. (2.2), E[1] is a Poisson submanifold of T ∗[2]M ⊕E[1], whose
Poisson bracket is induced by the pseudo-metric g.
For a vector bundle E → M , the cotangent bundle T ∗[2]E[1] is naturally a degree 2
symplectic graded manifold. Let πE : T
∗[2]E[1] → E[1] and πE∗ : T ∗[2]E[1] ∼= T ∗[2]E∗[1] →
E∗[1] be the natural projections. They combine into a map:
(2.3) π˜ : T ∗[2]E[1] −→ (E ⊕ E∗)[1].
A connection ∇ on E gives rise to a horizontal distribution on the tangent bundle TE, which
in turn induces a surjective submersion
(2.4) π∇ : T ∗[2]E[1] −→ T ∗[2]M.
Putting together the maps π˜ and π∇, we obtain a map:
Ξ˜∇ : T ∗[2]E[1] −→ T ∗[2]M ⊕ (E ⊕E∗)[1].
It is simple to check that Ξ˜∇ is a diffeomorphism. Note that E ⊕ E∗ is a pseudo-Euclidean
bundle over M with the duality pairing. The connection ∇ on E induces a connection
on E⊕E∗, which is compatible with the duality pairing. According to Proposition 2.1, these
data induce a degree 2 symplectic structure on T ∗[2]M ⊕ (E ⊕ E∗)[1].
Lemma 2.3. The map Ξ˜∇ is a symplectic diffeomorphism.
Proof. Since Ξ˜∇ is a diffeomorphism, it suffices to prove that it is a Poisson map. As
O(T ∗[2]M ⊕ (E ⊕ E∗)[1]) is generated by C∞(M), Γ(E ⊕ E∗) and X(M), it is thus suffi-
cient to check that Ξ˜∗∇ preserves the Poisson brackets on these spaces.
It is simple to see that
(Ξ˜∇)∗f = (πE)∗f, (Ξ˜∇)∗η = (πE)∗η,
(Ξ˜∇)∗X = (π∇)∗X, (Ξ˜∇)∗ξ = (πE∗)∗ξ,(2.5)
where f ∈ C∞(M), η ∈ Γ(E), ξ ∈ Γ(E∗) and X ∈ X(M). Here, both (πE)∗f and (πE)∗η
are fiberwise constant functions on T ∗[2]E[1] and both (π∇)∗X and (πE∗)∗ξ are fiberwise
linear functions on T ∗[2]E[1], corresponding to the vector fields ∇X and ιξ = g(ξ, ·) on E[1].
Hence, the Poisson brackets in T ∗[2]E[1] of the four functions in Eq. (2.5) are easily computed.
In T ∗[2]M⊕(E⊕E∗)[1], the Poisson brackets of f , η, ξ and X are given by Eq. (2.2), with E,
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g and ∇ replaced by E⊕E∗, the duality pairing and the induced connection. The conclusion
follows from a straightforward verification. 
2.3. Classification of symplectic graded manifolds of degree 2. According to [30],
any pseudo-Euclidean vector bundle (E, g) determines a degree 2 symplectic graded manifold
M, which is defined to be the fiber product (T ∗[2]E[1]) ×(E⊕E∗)[1] E[1]. Thus, we have the
following commutative diagram:
(2.6) M iM //
π

T ∗[2]E[1]
π˜

E[1]
i // (E ⊕ E∗)[1]
Here π˜ is defined as in (2.3), and i is the diagonal-like map ψ 7→ ψ ⊕ 12g(ψ, ·). Since i is
an isometric embedding, iM must be an embedding as well. It is simple to see that the
restriction to M of the canonical symplectic form on T ∗[2]E[1] is non-degenerate. Therefore
M is a symplectic submanifold of T ∗[2]E[1]. It is known that, up to an isomorphism, every
degree 2 symplectic graded manifold indeed arises in this way. We refer the interested reader
to [30] for details.
Let ∇ be a connection on E. Then composing iM with the map π∇, as defined in (2.4),
we obtain a map
π∇ ◦ iM :M−→ T ∗[2]M.
Together with the natural projection π :M→ E[1], we obtain a map
Ξ∇ :M−→ T ∗[2]M ⊕ E[1].
It is simple to check that Ξ∇ is a diffeomorphism. The following result is known to experts
and sketched in [30].
Theorem 2.4. Let ∇ be a metric connection on (E, g). Then the map Ξ∇ is a symplectic
diffeomorphism, where T ∗[2]M ⊕ E[1] is endowed with the symplectic structure (2.1).
Proof. Consider the map
iT = idT ∗[2]M ⊕i : T ∗[2]M ⊕E[1] −→ T ∗[2]M ⊕ (E ⊕ E∗)[1].
It is simple to check that iT is a symplectic embedding. By definition, we have
(2.7) Ξ˜∇ = π∇ ⊕ π˜ and Ξ∇ = π∇ ◦ iM ⊕ π.
According to the relation π˜◦iM = i◦π (see diagram (2.6)), we have the following commutative
diagram:
T ∗[2]E[1]
Ξ˜∇ // T ∗[2]M ⊕ (E ⊕ E∗)[1]
M
iM
OO
Ξ∇ // T ∗[2]M ⊕ E[1]
iT
OO
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Since both iM and iT are symplectic embeddings and Ξ˜∇ is a symplectic diffeomorphism, it
follows that Ξ∇ must be a symplectic diffeomorphism. 
As a consequence, the symplectic graded manifolds (T ∗[2]M ⊕E[1], ωg,∇), associated to
different metric connections, are all isomorphic. They provide minimal symplectic realization
of the Poisson manifold E[1] (see [30]).
3. The algebra D(M,S) of spinor differential operators
After recalling some basic materials regarding Clifford algebras and spinor bundles (see
e.g. [3, 34, 22]), we introduce a new filtration on the algebra D(M,S) of spinor differential
operators and determine its associated graded algebra. By considering a specific spinor
bundle S, we obtain in addition two involutions on D(M,S).
3.1. Clifford and spinor bundles. Let (E, g) be a pseudo-Euclidean vector bundle of even
rank over a smooth manifold M . The real Clifford bundle Cl(E) is a bundle of associative
algebras, whose fiber at x ∈M is isomorphic to the real Clifford algebra
Cl(Ex) :=
(⊗
Ex/I
)
,
where I is the ideal generated by ξ1(x)⊗ξ2(x)+ξ2(x)⊗ξ1(x)−2g(ξ1(x), ξ2(x)), ∀ξ1, ξ2 ∈ Γ(E).
In the sequel, we mainly use the complex Clifford bundle Cl(E) := Cl(E)⊗C and refer to it
simply as the Clifford bundle.
The Clifford bundle inherits a natural filtration, Cl(E) =
⋃
k∈NClk(E), and a natural
Z2-grading,
Cl(E) = Cl+(E) ⊕Cl−(E),
where Γ(Clk(E)) is spanned by products of at most k sections of E and Cl
+(E) (resp. Cl−(E))
is spanned by products of even (resp. odd) number of sections of E. Through the metric g, the
algebra Γ(∧E ⊗C) can be identified with OC(E[1]), the algebra of complex valued functions
on E[1]. Moreover, g induces a Poisson bracket {·, ·} on E[1] (see Remark 2.2). There is a
standard C-linear isomorphism, called the Clifford quantization map:
(3.1) γ : OC(E[1]) −→ Γ(Cl(E)).
It extends the canonical embedding Γ(E) →֒ Γ(Cl(E)) by skew-symmetrization and satisfies
(3.2) γ({µ, ·}) = 1
2
[γ(µ), γ(·)], ∀µ ∈ Γ(E ⊕ ∧2E).
We refer the interested reader to [3, 24, 22] for more details.
By a spinor bundle, we mean a complex vector bundle S such that EndS ∼= Cl(E).
Example 3.1. Let A be a vector bundle, and E = A ⊕ A∗. Let g be the following pairing
on E:
g(ζ1 + η1, ζ2 + η2) =
1
2
〈ζ1, η2〉+ 1
2
〈ζ2, η1〉, ∀ζ1, ζ2 ∈ Γ(A), η1, η2 ∈ Γ(A∗),
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where 〈·, ·〉 denotes the duality pairing. Then ∧A∗⊗C (or ∧A⊗C) is a spinor bundle of (E, g),
and the Clifford action is given by
(3.3) γ(ζ)φ = ιζφ and γ(η)φ = η ∧ φ, ∀ζ ∈ Γ(A), η ∈ Γ(A∗), φ ∈ Γ(∧A∗ ⊗ C).
Note that ∧A∗ is a real spinor bundle, i.e., End∧A∗ ∼= Cl(E).
Remark 3.2. There are certain topological obstructions to the existence of a spinor bundle,
which depend on the signature of the metric g. The existence of a real spinor bundle is a
further topological constraint on the vector bundle (E, g) →M .
In what follows, we will always assume that a spinor bundle exists, and use the algebra
isomorphisms below without mentioning them explicitly
Γ(∧E ⊗ C) ∼= OC(E[1]) and Γ(EndS) ∼= Γ(Cl(E)).
Let ∇E be a connection on E. It induces a connection on the exterior bundle ∧E which
is compatible with the exterior product, i.e., ∇EX (ξ1 ∧ ξ2) = (∇EX ξ1) ∧ ξ2 + ξ1 ∧ (∇EX ξ2),
∀X ∈ X(M), ξ1, ξ2 ∈ Γ(∧E). If ∇E is a metric connection, it also induces a connection on the
Clifford bundle Cl(E) which is compatible with the Clifford multiplication. The quantization
map (3.1) intertwines the induced connections on ∧E ⊗ C and Cl(E). That is,
γ(∇EX η) = ∇EX γ(η), ∀η ∈ OC(E[1]),X ∈ X(M).
Definition 3.3. Assume that (E, g) admits a spinor bundle S. A connection ∇S on S is
called a spinor connection if there exists a metric connection ∇E on E satisfying the following
compatibility condition:
(3.4) [∇SX , γ(η)] = γ(∇EX η),
for all X ∈ X(M) and η ∈ OC(E[1]). In this case, (∇E,∇S) is called a compatible pair of
connections.
For compatible connections (∇E ,∇S), the induced connections on Cl(E) and EndS are
intertwined by the isomorphism Cl(E) ∼= EndS.
Lemma 3.4. Assume that (E, g) admits a spinor bundle S. Then,
• there always exist compatible connections (∇E ,∇S);
• there exists r ∈ Ω2(M)⊗ C such that the curvatures of ∇E and ∇S satisfy
(3.5) RS =
1
2
γ(RE) + r idS ;
• any two pairs of compatible connections (∇˜E, ∇˜S) and (∇E,∇S) are related as follows
∇˜E −∇E = {̟, ·} and ∇˜S −∇S = 1
2
γ(̟) + ν idS ,
where ̟ ∈ Ω1(M,∧2E) and ν ∈ Ω1(M) ⊗ C. Here, {·, ·} stands for the Poisson
bracket on E[1] and we have {̟(X), ξ} = −ιξ̟(X), ∀X ∈ X(M), ξ ∈ Γ(E).
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Proof. The existence of a metric connection ∇E is classical. Such a connection induces a
connection on Cl(E) ∼= EndS. According to [34], the latter is always induced by a connection
∇S on S. Thus (∇E ,∇S) is a pair of compatible connections.
Let X,Y ∈ X(M). Since ∇E preserves the metric, its curvature can be identified with
RE ∈ Ω2(M,∧2E), via the following relation(
∇EX∇EY −∇EY ∇EX −∇E[X,Y ]
)
ξ = {RE(X,Y ), ξ}, ∀ξ ∈ Γ(E).
The same relation holds after replacing ξ ∈ Γ(E) by η ∈ Γ(∧E⊗C). Using the compatibility
condition (3.4), we deduce that
[RS(X,Y ), γ(η)] − γ
(
{RE(X,Y ), η}
)
= 0, ∀η ∈ Γ(∧E ⊗C).
Hence, by Eq. (3.2), we have
[RS(X,Y )− 1
2
γ(RE(X,Y )), γ(η)] = 0, ∀η ∈ Γ(∧E ⊗ C).
The center of Γ(Cl(E)) being the algebra C∞(M)⊗ C, Eq. (3.5) follows.
We now compare two pairs of compatible connections (∇˜E , ∇˜S) and (∇E ,∇S). First, we
have ∇˜E −∇E = µ, for some µ ∈ Ω1(M,EndE). As both connections preserve the metric g,
so does µ and we get µ = {̟, ·} with ̟ ∈ Ω1(M,∧2E). Similarly, we have ∇˜S − ∇S = A
with A ∈ Ω1(M,EndS). The compatibility condition (3.4) implies that [A, ·] = 12 [γ(̟), ·]
on Γ(EndS). This yields A = 12γ(̟) + ν for some ν ∈ Ω1(M)⊗ C. 
3.2. The filtered algebra D(M,S) and its associated graded algebra. Assume that
(E, g) admits a spinor bundle S. The algebra D(M,S), of differential operators on S, is a
subalgebra of End(Γ(S)) generated by Γ(EndS) ∼= Γ(Cl(E)) and the covariant derivatives
∇X , where ∇ is any connection on S and X ranges over all vector fields on M . There is a
Z2-grading on D(M,S), inherited from Cl(E),
(3.6) D(M,S) = D+(M,S)⊕D−(M,S),
where D±(M,S) is generated by the covariant derivatives ∇X and Γ(Cl±(E)). By [·, ·], we
denote the graded commutator:
[A,B] = A ◦B − (−1)|A| |B|B ◦A,
for any A,B ∈ D(M,S) of the parity |A|, |B| ∈ {0, 1}, respectively.
We now introduce a sequence of subspaces of D(M,S) inductively as follows. Set
D−1(M,S) := {0}, and
(3.7) Dk(M,S) := {D ∈ D(M,S)| ∀ξ ∈ Γ(E), [D, γ(ξ)] ∈ Dk−1(M,S)}.
Note that the ordinary filtration on D(M,S), given by the differential order, can be defined
in a similar fashion replacing Γ(E) by C∞(M).
Proposition 3.5. Let ∇S be a spinor connection on S. For all k ∈ N, we have
(3.8) Dk(M,S) = span{γ(η) ◦ ∇SX1 · · · ∇SXm | 2m+ deg(η) ≤ k},
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where X1, . . . ,Xm ∈ X(M) and deg(η) denotes the degree of η ∈ OC(E[1]).
Proof. The proof is by induction. Set
D˜k(M,S) = span{γ(η) ◦ ∇SX1 · · · ∇SXm | 2m+ deg(η) ≤ k}.
By definition, D−1(M,S) = D˜−1(M,S) = {0}. Assume that Dk(M,S) = D˜k(M,S) holds for
a given k ≥ −1. Since ∇S is a spinor connection, there exists a metric connection ∇E on E
such that the following identities hold:
(3.9) [∇SX , γ(ξ)] = γ(∇EX ξ) and [γ(η), γ(ξ)] = 2g(η, ξ), ∀ξ, η ∈ Γ(E),X ∈ X(M).
Hence, if D ∈ D˜k+1(M,S), we have [D, γ(ξ)] ∈ D˜k(M,S) for all ξ ∈ Γ(E). The inclusion
D˜k+1(M,S) ⊂ Dk+1(M,S) follows. To prove the converse inclusion we need a lemma.
Lemma 3.6. Let (xi) be a local coordinate system on M . If α = (α1, . . . , αk) is a multi-
index, ∇Sα stands for the composition ∇Sα1 ◦ · · · ◦ ∇Sαk , where ∇Si := ∇S∂
∂xi
. Any operator
D ∈ D(M,S) locally admits a unique linear decomposition
D =
∑
κ,α
γ(ηακ )∇Sα ,
where ηακ ∈ Γ(∧κE). In the sum above, κ runs over N and α runs over ordered multi-indices
of arbitrary length |α| = k ∈ N, i.e., α = (α1, . . . , αk) and 1 ≤ α1 ≤ · · · ≤ αk ≤ dimM .
Proof. It is well-known that D(M,S) is a locally free C∞(M)-module, generated as an algebra
by (∇Si ) and γ(η), with η ∈ Γ(∧κE), κ ∈ N. The result follows then from Eqns (3.4)–(3.5). 
We suppose now that D ∈ Dk+1(M,S). There exists a minimum l ∈ N such that
D ∈ D˜l(M,S). We prove that l − 1 ≤ k. By Lemma 3.6, we have D =
∑
κ+2|α|≤l γ(ηακ )∇Sα .
From the definition of Dk+1(M,S), we deduce that [D, γ(ξ)] ∈ D˜k(M,S) and γ(ξ) · [D, f ] =
[D, γ(ξ)f ]− [D, γ(ξ)]f ∈ D˜k(M,S). These relations read respectively as
∑
κ+2|α|≤l
[
γ(ηaκ), γ(ξ)
] · ∇Sα + γ(ηακ ) · [∇Sα , γ(ξ)] ∈ D˜k(M,S), ∀ξ ∈ Γ(E),
(3.10)
∑
κ+2|α|≤l
γ(ξ)γ(ηακ ) ·
[∇Sα , f ] ∈ D˜k(M,S), ∀ξ ∈ Γ(E), f ∈ C∞(M).(3.11)
Consider κ and α such that ηακ is non-vanishing, κ + 2|α| = l and α is maximal. The term[
γ(ηaκ), γ(ξ)
] ·∇Sα is then clearly indepedent of the other terms in Eq. (3.10), hence it pertains
to D˜k(M,S). If κ 6= 0, there exists ξ ∈ Γ(E) such that 0 6=
[
γ(ηaκ), γ(ξ)
] ∈ Γ(∧κ−1E), and
we deduce that l − 1 ≤ k. If κ = 0, the same conclusion follows from Eq. (3.11). 
By Proposition 3.5, we have γ(ξ) ∈ D1(M,S) and ∇SX ∈ D2(M,S), if ξ ∈ Γ(E) and X ∈
X(M). Moreover, the operators in D0(M,S) are multiplication by functions in C∞(M)⊗ C.
The following proposition is a direct consequence of Eqns (3.7)–(3.8).
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Proposition 3.7. The subspaces (Dk(M,S))k∈N define an increasing filtration of the algebra
D(M,S), namely
D0(M,S) ⊂ D1(M,S) ⊂ · · · ⊂ Dk(M,S) ⊂ · · · ,
D(M,S) =
⋃
k∈N
Dk(M,S),
Dk(M,S) · Dl(M,S) ⊆ Dk+l(M,S), ∀k, l ∈ N.
Moreover, the filtration satisfies the additional property
[Dk(M,S),Dl(M,S)] ⊆ Dk+l−2(M,S), ∀k, l ∈ N.
Remark 3.8. Note that in [25, 24], the same choice of filtration on D(M,S) was made,
whereas in [13] and [36], a different choice was used: both Clifford generators γ(ξ), ξ ∈ Γ(E),
and covariant derivatives ∇SX , X ∈ X(M), are of order 1. In the more standard filtration,
however, the Clifford generators normally have order 0.
As a consequence of Proposition 3.7, the graded algebra
grD(M,S) =
⊕
k∈N
Dk(M,S)/Dk−1(M,S),
is a graded commutative Poisson algebra of degree −2. Moreover, it is isomorphic to D(M,S)
as C∞(M)-module. By ς, we denote the canonical projection ς : D(M,S)→ grD(M,S).
Theorem 3.9. Let S be a spinor bundle of (E, g) and (∇E,∇S) a pair of compatible con-
nections. There exists a unique isomorphism of graded commutative Poisson algebras:
S∇ : grD(M,S) −→ OC(T ∗[2]M ⊕ E[1]),
satisfying
(3.12) (S∇ ◦ ς)(f) = f, (S∇ ◦ ς)
(
1√
2
γ(ξ)
)
= ξ, (S∇ ◦ ς)(∇SX ) = X,
for all f ∈ C∞(M), ξ ∈ Γ(E) and X ∈ X(M). Moreover, the isomorphism S∇ only depends
on the connection ∇E.
Proof. The algebras OC(T ∗[2]M ⊕ E[1]) and grD(M,S) are generated by Γ(E) and X(M)
over C∞(M) (see Proposition 3.5). Hence, an algebra morphism S∇ satisfying Eq. (3.12) is
an isomorphism and it must be unique if it exists. As a result, it suffices to prove the existence
of S∇ locally. We use canonical coordinates (xi, pi) on T ∗M , and write ∇Si := ∇S∂
∂xi
. We
locally define a map S∇ by setting
S∇
(
γ(η)∇Sα
)
= (
√
2)deg(η) η pα,
where η ∈ Γ(∧E), α = (α1, . . . , αk) is an ordered multi-index and pα = pα1 · · · pαk . According
to Lemma 3.6, the map S∇ is well-defined. Moreover, by Eq. (3.9), this is indeed an algebra
morphism which satisfies Eq. (3.12).
To prove that S∇ is a Poisson map, it suffices to check that S∇ preserves the Poisson
bracket on generators, i.e., on elements in C∞(M) ⊕ Γ(E) ⊕ X(M). For any f, g ∈ C∞(M),
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ξ, η ∈ Γ(E), and X,Y ∈ X(M), we have the following graded commutators of differential
operators
[∇SX , f ] = X(f), [g, f ] = 0,
[∇SX , γ(ξ)] = γ(∇EX ξ), [g, γ(ξ)] = 0,(3.13)
[∇SX ,∇SY ] = ∇S[X,Y ] +RS(X,Y )), [γ(ξ), γ(η)] = 2g(ξ, η),
where we have used Eq. (3.4). Writing the curvature RS as in Eq. (3.5) and applying the map
S∇ ◦ ς, it is immediate to see that these commutators coincide with the generating relations
of the Poisson bracket as given in Eq. (2.2). Therefore, S∇ is indeed a Poisson map.
According to Lemma 3.4, two spinor connections, compatible with the same metric
connection ∇E , satisfy ∇˜S −∇S = ν ∈ Ω1(M)⊗ C. However, different ν do not modify the
defining relations for S∇ in Eq. (3.12). This concludes the proof of the theorem. 
Definition 3.10. We define the principal symbol map σk : Dk(M,S)→ OCk (T ∗[2]M ⊕E[1]),
∀k ∈ N, as the composition S∇ ◦ ς.
Note that the principal symbol map σk depends on the choice of the connection ∇E .
Proposition 3.11. Let k, l ∈ N. The principal symbol maps satisfy the following properties:
σk+l(AB) = σk(A)σl(B),
σk+l−2([A,B]) = {σk(A), σl(B)},(3.14)
for all A ∈ Dk(M,S) and B ∈ Dl(M,S).
Proof. This is a direct consequence of Theorem 3.9. 
Remark 3.12. It is helpful to compare our filtration with those in the texts [13, 36], as
shown in the table below:
Filtration order γ(ξ) order ∇SX grD(M,S)
standard filtration 0 2 O(T ∗[2]M) ⊗C∞ Γ(EndS)
filtration in [13, 36] 2 2
(
Γ(
⊗
TM)⊗C∞ OC(E[1])
)
/J
filtration in (3.7) 1 2 OC(T ∗[2]M ⊕ E[1])
where ξ ∈ Γ(E), X,Y ∈ X(M) and J =
(
X ⊗ Y − Y ⊗X −RE(X,Y )
)
. As before, we
have RE(X,Y ) ∈ Γ(∧2E). Note that our filtration is the only one for which grD(M,S) is a
graded commutative algebra.
Recall that, according to Theorem 2.4, there exists a symplectic diffeomorphism Ξ∇ :
M→ T ∗[2]M ⊕ E[1]. It is natural to expect the following
Proposition 3.13. The map ((Ξ∇)∗ ◦ S∇) : grD(M,S) → OC(M) is an isomorphism of
graded Poisson algebras, which is independent of the metric connection ∇E used in defin-
ing Ξ∇ and S∇.
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Proof. Let (∇E,∇S) be a pair of compatible connections, and Ξ∇, S∇ their associated maps
as defined in Theorems 2.4 and 3.9. Let ρ∇ = (Ξ∇)∗ ◦S∇. Since both (Ξ∇)∗ and S∇ are
isomorphisms of graded Poisson algebras, so is their composition ρ∇. It remains to prove
that ρ∇ is independent of the choice of the connections (∇E ,∇S). Since ρ∇ is an algebra
isomorphism, it suffices to prove the assertion on generators of grD(M,S), which are of
the following three types: f , ς ◦ γ(ξ) and ς(∇SX ), ∀f ∈ C∞(M), ξ ∈ Γ(E), X ∈ X(M).
By definition, both maps (Ξ∇)∗ and S∇ are independent of the choice of connections when
applying to elements f and ς ◦ γ(ξ). Thus it remains to show that ρ∇ is also independent of
the choice of connections on the elements ς(∇SX ), ∀X ∈ X(M).
Assume that (∇˜E , ∇˜S) is another pair of compatible connections. From Eqns (2.7) and
(3.12), it follows that
ρ∇ ◦ ς(∇SX ) = (π∇ ◦ iM)∗lX ,
ρ∇˜ ◦ ς(∇˜SX ) = (π∇˜ ◦ iM)∗lX ,
(3.15)
where lX denotes the fiber linear function on T
∗[2]M corresponding to X ∈ X(M). According
to Lemma 3.4, there exists ̟ ∈ Ω1(M,∧2E) and ν ∈ Ω1(M)⊗ C such that
∇˜SX −∇SX = 12γ(̟(X)) + ν(X),(3.16)
∇˜EX −∇EX = {̟(X), ·}.(3.17)
Eq. (3.17) implies that
(3.18) (π∇˜ ◦ iM)∗lX − (π∇ ◦ iM)∗lX = π∗̟(X).
Therefore, by Eqns (3.15) and (3.18), we have
ρ∇˜ ◦ ς(∇˜SX ) = ρ∇ ◦ ς(∇SX ) + π∗̟(X).
On the other hand, Eq. (3.16) implies that
ρ∇ ◦ ς
(∇˜SX ) = ρ∇ ◦ ς(∇SX )+ π∗̟(X).
As a consequence, we conclude that the equality ρ∇˜ = ρ∇ holds on any element ς(∇˜SX ),
∀X ∈ X(M). This concludes the proof of the proposition. 
3.3. Two involutions on D(M,S). Assume the line bundle (detS∗)1/N exists, with N being
the rank of S. Consider the twisted spinor bundle S := S⊗(detS∗)1/N⊗|∧top T ∗M |1/2, where
|∧top T ∗M |1/2 is the trivializable line bundle of half-densities on M . A connection ∇ on TM
induces a connection on all density bundles. Together with a spinor connection ∇S on S, it
yields an induced spinor connection on the twisted spinor bundle S, denoted by ∇S. Since
S is a spinor bundle, the algebra D(M,S), of differential operators acting on S, satisfies in
particular all the results proved in Section 3.2 for the algebra of spinor differential operators.
Considering S rather than an arbitrary spinor bundle allows for further structure on D(M,S).
First, we build an adjoint operation on the algebraD(M,S). Let U ⊂M be a contractible
open subset. A pseudo-Hermitian pairing on S|U is a fiberwise non-degenerate sesquilinear
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map
(3.19) 〈·, ·〉U : Γ(S|U )× Γ(S|U ) −→ Γ(|∧topT ∗U |)⊗ C,
which satisfies 〈φ,ψ〉 = 〈ψ, φ〉 for all φ,ψ ∈ Γ(S|U).
Proposition 3.14. Up to multiplication by a scalar a ∈ R×, there exists a unique pseudo-
Hermitian pairing 〈·, ·〉U on S|U satisfying the following properties:
(i) ∇X (〈φ,ψ〉U ) = 〈∇SX φ,ψ〉U + 〈φ,∇SX ψ〉U ,
(ii) 〈γ(ξ)φ,ψ〉U = 〈φ, γ(ξ)ψ〉U ,
for arbitrary X ∈ Γ(TU), ξ ∈ Γ(E|U ) and φ,ψ ∈ Γ (S|U ).
Moreover, 〈·, ·〉U is independent of the choices of connections ∇ and ∇S involved in (i).
It is called a spinor pairing.
Proof. Choosing an orthonormal basis (ξi) of sections of (E, g) over U , we obtain a triv-
ialization of the bundle E|U ∼= U × Rn, on which g becomes a constant metric. This in
turn induces a trivialization of Cl(E|U ) ∼= EndS|U . By choosing a nowhere vanishing sec-
tion φ ∈ Γ(S|U ), then we obtain a trivialization S|U ∼= U × RN , under which the operators
γ(ξi) ∈ Γ(End(S|U )) ∼= C∞(U,EndRN ) are constant endomorphisms, for all i = 1, · · · n.
Consider the induced trivialization of the line bundle (detS∗|U )1/N and pick up a trivializa-
tion of | ∧top T ∗U |. Then, we can identify the space of sections of | ∧top T ∗U | with C∞(U),
and the space of sections of S with C∞(U,RN ). Under such identifications, the connections
∇ and ∇S can be written as follows:
∇Xv = Xv + ν0(X)v, ∀v ∈ Γ(| ∧top T ∗U |) ∼= C∞(U),
∇SX φ = Xφ+
1
2
γ(̟(X))φ +
1
2
ν0(X)φ, ∀φ ∈ Γ(S|U ) ∼= C∞(U,RN ),(3.20)
where ν0 ∈ Ω1(U) and ̟ ∈ Ω1(U,∧2E|U ) (see Lemma 3.4). If Property (ii) holds, it is then
simple to check that Property (i) is equivalent to
(3.21) X(〈φ,ψ〉U ) = 〈Xφ,ψ〉U + 〈φ,Xψ〉U , ∀φ,ψ ∈ C∞(U,RN ),X ∈ Γ(TU).
The latter equation means that 〈·, ·〉U is a constant pairing in the trivialization of S|U . Ac-
cording to [26], there exists a smooth fiberwise pairing on S|U satisfying Property (ii), and any
two such pairings differ by multiplication of a smooth function f ∈ C∞(U). By Eq. (3.21),
this function f must be a constant function.
As Eq. (3.21) is independent of choices of connections ∇ and ∇S, so is the pseudo-
Hermitian pairing 〈·, ·〉U . This concludes the proof. 
Since one can integrate 1-densities, a spinor pairing yields a pseudo-Hermitian scalar
product on the space of compactly supported sections Γc(S|U ):
(3.22) (φ,ψ)U =
∫
U
〈φ,ψ〉U , ∀φ,ψ ∈ Γc(S|U ).
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This is called a spinor scalar product. It is not clear if (·, ·)U can be extended to a global
scalar product on M . However, as we see below, the spinor scalar products over S|U enable
us to introduce a globally defined adjoint operation on D(M,S).
Lemma 3.15. For any D ∈ D(M,S), there exists a unique differential operator D∗ ∈
D(M,S) such that
(3.23) (Dφ,ψ)U = (φ,D
∗ψ)U , ∀φ,ψ ∈ Γc(S|U ),
where U is any contractible open subset of M and (·, ·)U is any spinor scalar product on S|U .
Proof. Let D ∈ D(M,S). Denote by U ⊂ M a contractible open subset and by D|U ∈
D(U,S|U ) the restriction of the operator D to U . Choose a spinor scalar product (·, ·)U . As is
well-known, there exists a unique operator (D|U )∗ ∈ D(U,S|U ) satisfying Eq. (3.23). Clearly,
this operator satisfies also Eq. (3.23) for the spinor scalar product a(·, ·)U , with a ∈ R×. By
Proposition 3.14, (D|U )∗ satisfies then Eq. (3.23) for any choice of spinor scalar products
on S|U .
Since the operators (D|U )∗ are uniquely defined by Property (3.23), they glue together
into a globally defined differential operator D∗ ∈ D(M,S). 
The map D 7→ D∗ is called the adjoint operation, and admits the usual properties of the
standard adjoint operation.
Proposition 3.16. The adjoint operation D 7→ D∗ satisfies the following properties:
(1) it is an involutive map on D(M,S) preserving the filtration;
(2) it is a C-antilinear antiautomorphism:
(3.24)
{
(λ1D1 + λ2D2)
∗ = λ1D∗1 + λ2D∗2 ,
(D1D2)
∗ = D∗2D∗1 ,
∀λ1, λ2 ∈ C,D1,D2 ∈ D(M,S),
uniquely determined by the following relations
(3.25) f∗ = f, γ(ξ)∗ = γ(ξ) and (∇SX )∗ = −∇SX − Tr∇X,
for all f ∈ C∞(M) ⊗ C, ξ ∈ Γ(E) and X ∈ X(M). Here, Tr∇X ∈ C∞(M) is the
trace of ∇X ∈ Γ(T ∗M ⊗ TM);
(3) it does not depend on the choice of connections ∇ on TM and ∇S on S.
Proof. It suffices to prove all the properties above over a contractible open subset U ⊂ M .
Choose a spinor scalar product (·, ·)U . The formula (3.23) characterizes the map ∗. As
a consequence, Eq. (3.24) holds as well as the relations (D∗)∗ = D, f∗ = f . Using in
addition Proposition 3.14, we obtain that γ(ξ)∗ = γ(ξ) and that ∗ is independent from
any choice of connections. The equation (∇SX )∗ = −∇SX − Tr∇X follows then from the
identities LXv = ∇Xv + (Tr∇X)v and
∫
U LXv = 0, ∀v ∈ Γ(|∧top T ∗M |). Since D(M,S|U )
is generated by C∞(U), Γ(E|U ) and Γ(TU), Eqns (3.24)-(3.25) completely determine the
adjoint operation ∗. Finally, one easily see that if D ∈ Dk(M,S|U ) then D∗ ∈ Dk(M,S|U ).
This concludes the proof of the proposition. 
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Denote by · the complex conjugation on C and its natural extension to any complexified
R-vector space V ⊗C. In what follows, we will extend this operation to the algebra D(M,S).
Proposition 3.17. There exists a unique C-antilinear algebra morphism
· : D(M,S) −→ D(M,S),
which coincides with the complex conjugation on D0(M,S) ∼= C∞(M) ⊗ C and satisfies the
following properties:
(3.26) γ(ξ) = γ(ξ) and ∇SX = ∇SX , ∀ξ ∈ Γ(E)⊗ C,X ∈ X(M)⊗ C,
for any induced spinor connection ∇S.
Proof. Choose a spinor connection on S and an affine connection on TM . Let ∇S be the
induced connection on S. Since D(M,S) is generated by f , γ(ξ), ∇SX , with f ∈ C∞(M)⊗C,
ξ ∈ Γ(E), X ∈ X(M), a C-antilinear algebra morphism · satisfying Eq. (3.26) must be unique
if it exists. Hence, it suffices to prove the existence of · locally. Over a contractible open
subset of M , we extend the conjugation of complex functions by setting
fγ(η)∇Sα := fγ(η)∇Sα ,
with f ∈ C∞(M) ⊗ C, η ∈ Γ(∧E) and α = (α1, . . . , αk) an ordered multi-index. By
Lemma 3.6, the map · is well-defined. It is obvious to see that · is indeed a C-antilinear
involutive map satisfying Eq. (3.26). To check that · is in addition an algebra morphism,
one may use the commutation relations (3.13), and note that the curvature 2-form of ∇S is
valued in the real Clifford bundle Cl(E) (see Eq. (3.20)).
According to Eq. (3.20), different choices of connections on TM and S induce connections
on S which differ by a real term. Therefore the map · is independent of choices of connections.
This concludes the proof. 
The map · introduced above is called the conjugation map. By D(M,S)R, we denote the
real subalgebra of D(M,S) generated by sections of the real Clifford bundle Cl(E) and the
covariant derivatives ∇SX , withX ∈ X(M). The next proposition gives an intrinsic description
of this real subalgebra.
Proposition 3.18. The real subalgebra D(M,S)R is the fixed point set of · . Therefore we
have D(M,S) ∼= D(M,S)R ⊗ C.
Proof. The proof is straightforward and is left for the reader. 
Remark 3.19. Assume there exists a real spinor bundle SR such that S ∼= SR ⊗ C. Then,
the conjugation map on D(M,SR ⊗ C) is induced by the natural conjugation on SR ⊗ C, so
that D(M,S)R ∼= D(M,SR). However, SR may not exist.
The following result is obvious.
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Proposition 3.20. For any k, l ∈ N, let m = 2k + l. Assume that the principal symbol of
D ∈ Dm(M,S) satisfies σm(D) ∈ Ok(T ∗[2]M) ⊗C∞ OCl (E[1]). Then we have
σm(D) = σm(D) and σm(D
∗) = (−1)k(−1) l(l−1)2 (σm(D)).
4. Quantization of symplectic graded manifolds of degree 2
First, we recall some basic materials on the Weyl quantization on T ∗Rn and its extension
to arbitrary cotangent bundles T ∗M [35, 37]. Then, we introduce a similar construction of
quantizations on symplectic graded manifolds of degree 2.
4.1. Weyl quantization on T ∗Rn. Let V → Rn be a complex vector bundle over Rn, and
denote by D(Rn, V ) the algebra of differential operators on V . Choosing a trivialization
of V , one readily gets that D(Rn, V ) ∼= D(Rn)⊗C∞ Γ(EndV ). Recall that the normal order
quantization is defined, in terms of the canonical coordinate system (xi, pi) on T
∗[2]Rn, by
N~ : O(T ∗[2]Rn)⊗C∞ Γ(EndV ) −→ D(Rn, V )
F i1···ik(x)pi1 · · · pik 7−→ F i1···ik(x)
(~
i
∂
∂xi1
) · · · (~
i
∂
∂xik
)
,
where F i1···ik ∈ Γ(EndV ) and ~ ∈ C× is a parameter2. Let Div = ∂2
∂xi∂pi
be the divergence-like
operator acting on the symbol algebra O(T ∗[2]Rn).
Definition 4.1. On T ∗[2]Rn, the D(Rn, V )-valued Weyl quantization is a C-linear isomor-
phism, QRn~ : O(T ∗[2]Rn)⊗C∞ Γ(EndV )→ D(Rn, V ), indexed by ~ ∈ C× and defined by
(4.1) QRn~ := N~ ◦ exp
(
~
2i Div⊗ id
)
.
In particular, the Weyl quantization satisfies QRn~ (pi) = ~i ∂∂xi and QR
n
~ (F ) = F , for any
F ∈ Γ(EndV ). In the classical case when V is a trivial line bundle, Γ(EndV ) is identi-
fied with C∞(Rn), and QRn~ (F ) is the multiplication by F . For polynomials in the coordi-
nates (xi, pi), the Weyl quantization is just the symmetrization map satisying QRn~ (pi) = ~i ∂∂xi
and QRn~ (xi) = xi.
The Weyl quantization can also be defined by the integral formula (4.2) below [12].
Proposition 4.2. The Weyl quantization satisfies
(4.2) (QRn~ (F )ψ)(x) = 1(2π~)n
∫
T ∗xR
n⊕TxRn
e−
i
~
〈p,v〉 F (x+ v/2, p) · ψ(x+ v) dp dv,
for all ψ ∈ Γ(V ) and F ∈ O(T ∗[2]Rn)⊗C∞ Γ(EndV ).
2In this paper, we use the notation ~ to denote a nonzero variable in C. In most situation, ~ can be
interpreted as the Planck constant. However, we sometimes let ~ = i
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4.2. Exponential map and parallel transport. To generalize the above Weyl quantiza-
tion to arbitrary manifolds and vector bundles we will need connections. We fix notations
concerning exponential map and parallel transport below.
An affine connection ∇ on TM induces an exponential map, indexed by x ∈M ,
expx : Ux −→M,
where Ux is an open neighborhood of 0 ∈ TxM . We choose Ux such that expx is a diffeomor-
phism onto its image. In addition, let ∇V be a connection on a vector bundle V →M . Then
we have parallel transport maps,
T Vx,y : Vx −→ Vy,
for all pairs of points x, y ∈ M such that y = expx v with v ∈ Ux. Exponential map and
parallel transport together induce a local isomorphism of vector bundles
Tx : Ux × Vx −→ V
(v, φ) 7−→ (y,T Vx,y φ),(4.3)
where y = expxv. Consider a cut-off function χ ∈ C∞(TM), i.e., a function equal to 1 in a
neighborhood of the zero section of TM such that the support of χ(x, ·) is included in Ux.
Define a map
(4.4) χ(x, ·)T ∗x : Γ(V ) −→ C∞(TxM)⊗R Vx,
by setting
(χ(x, ·)T ∗x ψ) (v) = χ(x, v) (T ∗x ψ) (v), ∀v ∈ TxM,ψ ∈ Γ(V ).
Note that by definition, if v ∈ Ux and y = expxv, we have
(4.5) (T ∗x ψ) (v) = T Vy,x (ψ(y)) .
The connections ∇ and ∇V induce a connection on the vector bundle STM ⊗ EndV , and
thereforewe have a map analogous to (4.4). Since O(T ∗[2]M) ∼= Γ(STM), this map reads as
χ(x, ·)T ∗x : O(T ∗[2]M) ⊗C∞ Γ(EndV ) −→ O
(
T ∗[2](TxM)
)⊗R End(Vx).
If (v, p) ∈ T ∗Ux and y = expxv, we have the following explicit formula
(4.6) (T ∗x F ) (v, p) := T Vy,x ◦ F (y,Tx,y p) ◦ T Vx,y,
where Tx,y : T ∗xM → T ∗yM is the parallel transport map induced by ∇.
4.3. Weyl quantization on T ∗[2]M . The integral formula (4.2) defining Weyl quantization
has been extended to arbitrary cotangent bundles T ∗M with the help of a connection on TM
[35]. It has been further generalized to differential operators acting on any vector bundle
V →M , using an additional connection on V [37]. We recall such a construction.
Definition 4.3. By a Weyl quantization map, we mean a map QM~ : O(T ∗[2]M) ⊗C∞
Γ(EndV )→ End(Γ(V )) defined by
(4.7) (QM~ (F )ψ)(x) = 1(2π~)n
∫
T ∗xM⊕TxM
e−
i
~
〈p,v〉 (T ∗x F )(v/2, p) · (T ∗x ψ)(v) χ(x, v)dp dv,
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for all x ∈M , ψ ∈ Γ(V ) and F ∈ O(T ∗[2]M) ⊗C∞ Γ(EndV ).
The map QM~ depends on the choice of connections on TM and V through the pull-backs
T ∗x ψ and T ∗x F . Note that a priori, QM~ depends also on the cut-off function χ ∈ C∞(TM).
For any x ∈ M , the projection Rn × Vx → Rn defines a trivial vector bundle on Rn.
Denote by
QRn~ : O(T ∗[2]Rn)⊗R Γ(EndVx) −→ D(Rn,Rn × Vx)
the corresponding Weyl quantization map, given by Eq. (4.1) or equivalently Eq. (4.2). The
maps QRn~ and QM~ are related by parallel transportation as indicated below.
Lemma 4.4. For any x ∈M , ψ ∈ Γ(V ) and F ∈ O(T ∗[2]M) ⊗C∞ Γ(EndV ), we have
T ∗x
(
QM~ (F )ψ
)
(w) =
(
QRn~ (T ∗x F )T ∗x ψ
)
(w), ∀w ∈ Ux,
where Ux an open neighborhood of 0 ∈ TxM , on which expx is a diffeomorphism onto its
image.
Proof. For all w ∈ Ux, Eqns (4.5) and (4.7) imply that
(4.8)
T ∗x
(
QM~ (F )ψ
)
(w) = 1(2π~)n
∫
T ∗y M⊕TyM
e−
i
~
〈p,v〉 T Vy,x
[(T ∗y F )(v/2, p) · (T ∗y ψ)(v)] χ(y, v)dp dv,
where y = expxw. The equality expyv = expx(w + Ty,xv) and Eq. (4.5) lead to
(4.9)
(
T ∗y ψ
)
(v) = T Vx,y [(T ∗x ψ) (w + Ty,xv)] .
Similarly, using expy
v
2 = expx(w +
1
2Ty,xv) and Eq. (4.6), we have
(4.10) T Vy,x ◦
[(
T ∗y F
)
(v/2, p)
]
=
[
(T ∗x F ) (w + 12Ty,xv,Ty,xp)
]
◦ T Vy,x.
As parallel transport in the fibers of TM ⊕ T ∗M preserves the duality pairing 〈p, v〉 and the
measure dpdv, by Eqns (4.8)-(4.10) and the change of variables (Ty,xv,Ty,xp) 7→ (v, p), we
obtain
T ∗x
(
QM~ (F )ψ
)
(w) = 1(2π~)n
∫
T ∗xM⊕TxM
e−
i
~
〈p,v〉 (T ∗x F )(w + v/2, p) · (T ∗x ψ)(w + v)
χ(expxw,Tx, expxwv)dp dv.
Since F is polynomial in p, its Fourier transform w.r.t. p is a distribution supported at 0.
As the function v 7→ χ(x, v) is equal to 1 in a neighborhood of the zero section, the right
hand side in the above equation reduces to
(QRn~ (T ∗x F )T ∗x ψ)(w) (see formula (4.2)). The
conclusion follows. 
As a straightforward consequence, we get
Proposition 4.5. For any pair of connections on TM and V , there is a unique Weyl quan-
tization map, QM~ : O(T ∗[2]M) ⊗C∞ Γ(EndV ) → D(M,V ). Moreover, QM~ is a linear
isomorphism.
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In what follows, we assume a choice of connections on TM and V is made and we refer
to the corresponding map QM~ as the Weyl quantization map.
Let V be a vector bundle endowed with a pseudo-Hermitian pairing 〈·, ·〉V : Γ(V ) ×
Γ(V )→ Γ(|∧top T ∗M |) ⊗ C as in Eq. (3.19). Then, the formula, (φ,ψ) := ∫M 〈φ,ψ〉V defines
a pseudo-Hermitian scalar product on Γc(V ). Denote by ∗ : D(M,V ) → D(M,V ) the
adjoint operation associated to (·, ·) and by ∗V : Γ(EndV )→ Γ(EndV ) the adjoint operation
associated to 〈·, ·〉V .
Proposition 4.6. Assume that the following equality holds
(4.11) ∇X〈φ,ψ〉V = 〈∇VX φ,ψ〉V + 〈φ,∇VX ψ〉V , ∀X ∈ X(M), φ, ψ ∈ Γ(V ).
Then, the Weyl quantization QM~ satisfies the property
QM~ (F )∗ = QM~ (F ∗V ),
for all F ∈ O(T ∗[2]M) ⊗C∞ Γ(EndV ).
Proof. Eqns (4.5)–(4.7) yield the formula
(QM~ (F )ψ)(x) = 1(2π~)n
∫
T ∗xM⊕TxM
e−
i
~
〈p,v〉 T Vy,x
[
F (y,Tx,yp) · T Vz,y
(
ψ(z)
)]
χ(x, v) dp dv,
where y = expx(v/2) and z = expx(v). By Eq. (4.11), the parallel transports T and T V
satisfy the relation
Ty,x
( 〈φ(y), ψ(y)〉V ) = 〈T Vy,x(φ(y)),T Vy,x(ψ(y))〉V , ∀φ,ψ ∈ Γ(V ),
which implies〈
T Vy,x
[
F (y,Tx,yp)∗V · T Vz,y
(
φ(z)
)]
, ψ(x)
〉
V
= Tz,x
〈
φ(z),T Vy,z
[
F (y,Tx,yp) · T Vx,y
(
ψ(x)
)]〉
V
.
We deduce that
(4.12) (QM~ (F ∗V )φ,ψ) = 1(2π~)n×∫
M
∫
TxM⊕T ∗xM
Tz,x
〈
φ(z),T Vy,z
[
F (y,Tx,yp) · T Vx,y
(
ψ(x)
)]〉
V
e
i
~
〈p,v〉χ(x, v) dp dv.
Let us recall that, for integration of 1-densities on TM⊕T ∗M , the change of variables formula
reads as ∫
TM⊕T ∗M
(Φ∗G)(X) =
∫
TM⊕T ∗M
TZ,X (G ◦ Φ(X)) =
∫
TM⊕T ∗M
G(Z),
where Φ : X 7→ Z is a diffeomorphism and G a 1-density. We apply the above formula to Eq.
(4.12) with the change of variables (x, v, p) 7→ (z, v′, p′), where z = expx v, v′ = −Tx,zv and
p′ = Tx,zp. Since dp dv = Tz,x(dp′ dv′) and 〈p, v〉 = 〈p′, v′〉, we obtain
(QM~ (F ∗V )φ,ψ) = 1(2π~)n×∫
M
〈
φ(z),
∫
TzM⊕T ∗z M
T Vy,z
[
F (y,Tz,yp′) · T Vx,y
(
ψ(x)
)]
e−
i
~
〈p′,v′〉χ(x,Tz,xv′) dp′ dv′
〉
V
,
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where y = expz(v
′/2) and x = expz(v′). Using Eq. (4.7), we conclude that (QM~ (F ∗V )φ,ψ) =
(φ,QM~ (F )ψ), ∀φ,ψ ∈ Γ(V ), and the result follows. 
Finally, let us describe an explicit formula for the Weyl quantization QM~ in low degrees.
By abuse of notation, we also denote by ∇ the induced connection on TM ⊗ EndV . For a
vector bundle W →M , let
(4.13) Tr : Γ(W ⊗ TM ⊗ T ∗M) −→ Γ(W ),
be the trace map.
Proposition 4.7. The Weyl quantization QM~ satisfies
(4.14) QM~ (F ) = F and QM~ (X ⊗ F ) =
~
i
[
F∇VX + 12 Tr ∇
(
X ⊗ F )] ,
for all F ∈ Γ(EndV ) and X ∈ O2(T ∗[2]M) ∼= X(M).
Proof. The first case is trivial. For second equation, choose an open neighborhood Ux of
0 ∈ TxM such that expx : Ux → expx(Ux) is a diffeomorphism. By pull-back by T −1x of
a Cartesian coordinate system on TxM × Vx, we obtain normal coordinates (xi) centered
at x and a trivialization of V over expx(Ux) ⊂ M . Denote by (xi, pi) the induced canonical
coordinates on T ∗x (expx(Ux)). Under such coordinates, we can write X(x) = Xi(x)pi, with
Xi ∈ C∞(expx(Ux)). By Lemma 4.4 and Eq. (4.1), we have
(4.15)(
QM~ (X ⊗ F )ψ
)
(x) =
(
F (x)Xi(x)
~
i
∂
∂xi
+
~
2i
∂
∂xi
(
F (x)Xi(x)
))
ψ (x), ∀ψ ∈ Γ(V ).
Since (xi) are normal coordinates at x, the partial derivatives ∂
∂xi
coincide with covariant
derivatives at the point x. Hence, Eq. (4.14) holds at x. The point x being arbitrary, this
implies the result. 
4.4. Weyl quantization on symplectic graded manifolds of degree 2. Let (E, g) be a
pseudo-Euclidean vector bundle equipped with a metric connection ∇E . Assume that (E, g)
admits a spinor bundle S. Choose an affine connection ∇ on TM , and choose a spinor
connection on S, compatible with ∇E (see Eq. (3.4)). They induce a Weyl quantization QM~ ,
valued in D(M,S).
Definition 4.8. The Weyl quantization WQ~ on the symplectic graded manifold (T ∗[2]M ⊕
E[1], ωg,∇E ) is defined by the following commutative diagram
(4.16) OC(T ∗[2]M ⊕ E[1])
γ~

WQ~ // D(M,S)
O(T ∗[2]M) ⊗C∞ Γ(EndS)
QM
~
44
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
The vertical map reads as
(4.17) γ~ := id⊗
( ~
2i
)κ/2
γ, on OC(T ∗[2]M) ⊗C∞ Γ(∧κE),
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where γ is the standard Clifford quantization map (see (3.1)).
The Weyl quantization WQ~ extends those studied in [13, 36], with E being TM and
TM ⊕ T ∗M respectively.
Theorem 4.9. For all F ∈ OCk (T ∗[2]M ⊕E[1]), k ∈ N, the Weyl quantization WQ~ satisfies
the following properties:
(i) WQ~(F ) = (~/i)k/2 WQi(F );
(ii) σk ◦WQ~(F ) = (~/i)k/2 F (see Definition 3.10 of the principal symbol map σk);
(iii) WQ~(F ) ∈ D+(M,S) if k is even andWQ~(F ) ∈ D−(M,S) if k is odd (see Eq. (3.6));
(iv) [WQ~(F ),WQ~(G)] = ~iWQ~({F,G}) +O(~2), for all G ∈ OC(T ∗[2]M ⊕ E[1]).
Proof. As OCk (T ∗[2]M ⊕ E[1]) =
⊕
2ℓ+κ=kOℓ(T ∗[2]M) ⊗C∞ Oκ(E[1]), it suffices to check
Properties (i), (ii) and (iii) on homogeneous functions F ∈ Oℓ(T ∗[2]M) ⊗C∞ Oκ(E[1]). This
is easy using Lemma 4.4 and Eqns (4.1), (4.17).
Let F ∈ OCk (T ∗[2]M ⊕ E[1]) and G ∈ OCl (T ∗[2]M ⊕ E[1]). Set
H =WQ−1
i
([WQi(F ),WQi(G)]−WQi({F,G})) .
Using Proposition 3.11 together with (ii) and (iii), we deduce that H has degree k + l − 4.
The claim (iv) follows then from (i). 
We provide an explicit expression for the Weyl quantization WQ~ in low degrees. By
abuse of notation, we denote by ∇ the connection on ∧E ⊗ TM induced by the connections
on E and TM . From the definition of WQ~ and Proposition 4.7, we deduce
Proposition 4.10. The Weyl quantization WQ~ satisfies
WQ~(F ) =
(
~
2i
)κ/2
γ(F ),
WQ~(FX) =
(
~
2i
)κ/2 (
~
i
)k [
γ(F )∇SX + 12γ
(
Tr ∇(XF ))] ,(4.18)
for all F ∈ OCκ (E[1]) and X ∈ O2(T ∗[2]M) ∼= X(M). Here, the trace map Tr is defined as in
(4.13), with W = ∧κE ⊗ C.
To go further, we assume that (E, g) admits a twisted spinor bundle S := S⊗(detS∗)1/N⊗
|∧top T ∗M |1/2, with N being the rank of S. An affine connection ∇ on TM and a spinor
connection on S induce a spinor connection ∇S on S and a Weyl quantization map
(4.19) WQ~ : OC(T ∗[2]M ⊕ E[1]) −→ D(M,S).
The latter satisfies in particular Theorem 4.9 and Proposition 4.10. Obviously, one should
replace ∇S by ∇S in Eq. (4.18). Considering S allows for further structures on D(M,S)
(see Section 3.3). We study below their interplay with the map WQ~. For all f ∈ C∞(M),
ξ ∈ Γ(E) and X ∈ X(M), let
τ(f) = f, τ(ξ) = iξ, τ(X) = X.
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It is easy to see that τ extends to a C-antilinear antiautomorphism on OC(T ∗[2]M ⊕ E[1]),
which is an involution.
Proposition 4.11. The Weyl quantization map as in Eq. (4.19) satisfies WQ~ ◦ τ(·) =
WQ~(·)∗, where ∗ is the adjoint operation defined in Lemma 3.15.
Proof. Given the local nature of the maps WQ~, τ and ∗, it is enough to work over a
contractible open subset U ⊂ M . Let 〈·, ·〉U be a spinor pairing (see Proposition 3.14)
and ∗S : Γ(EndS|U ) → Γ(EndS|U ) its adjoint operation. Then we have γ~(ξ)∗S = iγ~(ξ) =
γ~(τ(ξ)). Since both maps ∗S and τ are C-antilinear antiautomorphisms, we get
γ~(τ(F )) =
(
γ~(F )
)∗S ,
for all F ∈ OC(T ∗[2]U⊕E|U [1]). By Proposition 3.14, the pair of connections (∇,∇S) satisfies
Eq. (4.11), with V = S. Applying Proposition 4.6 yields the result. 
The case ~ = i plays a peculiar role.
Proposition 4.12. Setting WQ :=WQi, we have
(1) WQ restricts to an R-linear isomorphism WQ : O(T ∗[2]M ⊕ E[1]) → D(M,S)R,
where the real algebra D(M,S)R is defined in Proposition 3.18,
(2) WQ(F )∗ = (−1)⌊k/2⌋WQ(F ), for all F ∈ Ok(T ∗[2]M ⊕ E[1]), with k ∈ N and ⌊k/2⌋
the integer part of k.
Proof. Complex conjugation in C extends naturally to the algebras OC(T ∗[2]M ⊕ E[1]),
O(T ∗[2]M)⊗C∞ Γ(Cl(E)) and D(M,S) (see Proposition 3.17). To establish (1), it suffices to
show that
WQ(F ) =WQ(F ),
for all F ∈ OC(T ∗[2]M ⊕ E[1]). Given the local nature of this property, we can restrict
ourselves to a contractible open neighborhood U of a point x ∈M . We have
WQ(F ) =
(
T −1x
)∗ ◦ QRn
i
(
T ∗x
(
γi(F )
)) ◦ T ∗x , by Lemma 4.4,
=
(
T −1x
)∗ ◦ QRn
i
(
T ∗x
(
γi(F )
)) ◦ T ∗x , by equality γi = id⊗γ.
Since Tx is built from connections on the real vector bundles TM and E, we deduce that
T ∗x
(
γi(F )
)
= T ∗x
(
γi(F )
)
. Therefore, from Eq. (4.1), it follows that
QRn
i
(
T ∗x
(
γi(F )
))
= QRn
i
(
T ∗x
(
γi(F )
))
,
and finally
WQ(F ) =
(
T −1x
)∗ ◦ [T ∗x ◦ WQ(F ) ◦ (T −1x )∗] ◦ T ∗x .
From equation above and Proposition 4.10, we deduce that the map WQ(F ) 7→ WQ(F ) is
an algebra automorphism of D(M,S) satisfying Eq. (3.26). By Proposition 3.17, this map
must be of the form WQ(F ) 7→ WQ(F ). Hence we have WQ(F ) =WQ(F ).
The second point is a direct consequence of (i) in Theorem 4.9 and Proposition 4.11. 
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The Weyl quantization map WQ~ as in Eq. (4.19) induces a star-product ⋆~ on the
symplectic manifold T ∗[2]M ⊕ E[1]. The properties of the map WQ~, exhibited above, can
be rephrased in terms of properties of ⋆~.
Corollary 4.13. The product defined on OC(T ∗[2]M ⊕ E[1]) by
F ⋆~ G := (WQ~)−1
(WQ~(F ) ◦ WQ~(G)),
is a symmetric star-product, explicitly given by
F ⋆~ G =
∞∑
k=0
(
~
i
)k
B2k(F,G),
such that, for each k ∈ N,
• B2k is a real bidifferential operator of degree −2k independent of ~,
• B2k is symmetric if k is even and skew-symmetric if k is odd,
• B0 is the multiplication and B2 is the Poisson bracket on (T ∗[2]M ⊕ E[1], ωg,∇E ).
Proof. From Point (i) in Theorem 4.9, we deduce that
F ⋆~ G =
∞∑
k=0
(
~
i
)k/2
Bk(F,G),
where the Bk are bilinear operators of degree −k. By Lemma 4.4 and Eq. (4.1), they are
bidifferential operators. Since WQ~ preserves parity, we deduce that Bk vanishes if k is odd.
The identifications of B0 and B2, with the multiplication and the Poisson bracket respectively,
follow from the points (ii) and (iv) in Theorem 4.9.
Set ~ = i. By Proposition 4.12 the operators B2k are real and (skew-)symmetric accord-
ing to the parity of k. 
5. Applications to Courant algebroids
5.1. Definition of Courant algebroids. A pre-Courant algebroid is a pseudo-Euclidean
vector bundle (E, g) over a smooth manifold M , together with a vector bundle morphism
ρ : E → TM , called the anchor, and an R-bilinear operation J·, ·K on Γ(E), called the
Dorfman bracket, subject to the following rules:
Jξ, f · ηK = ρ(ξ)[f ] · η + f · Jξ, ηK,
Jξ, ξK = ρ∗d (g(ξ, ξ)) ,(5.1)
ρ(ξ)[g(η, η)] = 2g
(
Jξ, ηK, η
)
,
for all f ∈ C∞(M) and ξ, η ∈ Γ(E). In the second equation above, d stands for the de Rham
differential and ρ∗ : T ∗M → E∗ ∼= E is the dual map of ρ. Moreover, if the bracket satisfies
the Jacobi identity
(5.2) Jξ, Jη1, η2KK = JJξ, η1K, η2K + Jη1, Jξ, η2KK,
for all ξ, η1, η2 ∈ Γ(E), then (E, g, ρ, J·, ·K) is called a Courant algebroid [21, 29].
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Example 5.1. For any smooth manifold M , the vector bundle E = TM ⊕ T ∗M admits
a standard Courant algebroid structure, where the anchor is the projection onto the first
component and the pairing and Dorfman bracket are given by
g(X + α, Y + β) = 12
(〈X,β〉 + 〈Y, α〉),
JX + α, Y + βK = [X,Y ] + LX β − ιY dα,
for all X,Y ∈ X(M) ∼= Γ(TM) and α, β ∈ Γ(T ∗M). One can also twist the above bracket by
a closed 3-form H ∈ Ω3(M) [33],
JX + α, Y + βK = [X,Y ] + LX β − ιY dα+H(X,Y, ·).
For more examples, see e.g. [21].
5.2. Courant algebroids and symplectic graded manifolds of degree 2. We assume,
from now on, that (E, g) is endowed with a metric connection ∇E so that the minimal
symplectic realization of the Poisson manifold E[1] is given by (T ∗[2]M ⊕ E[1], ωg,∇E ) (see
Section 2.3). The Poisson bracket on T ∗[2]M⊕E[1] is denoted by {·, ·} which is of degree −2.
We will use the following identifications without further comments
O0(T ∗[2]M ⊕ E[1]) ∼= C∞(M),
O1(T ∗[2]M ⊕ E[1]) ∼= Γ(E),
O2(T ∗[2]M ⊕ E[1]) ∼= Γ(TM ⊕∧2E).
Every degree 3 function Θ ∈ O3(T ∗[2]M ⊕E[1]) induces a pre-Courant algebroid struc-
ture on (E, g) by setting
ρ(ξ1)[f ] := {{Θ, ξ1}, f},
Jξ1, ξ2K := {{Θ, ξ1}, ξ2},
∀f ∈ C∞(M), ξ1, ξ2 ∈ Γ(E).(5.3)
The structural identities (5.1) follow from the fact that {·, ·} is a Poisson bracket, which
satisfies {ξ, η} = g(ξ, η) for all ξ, η ∈ Γ(E). Moreover, if {Θ,Θ} = 0, then J·, ·K satisfies the
Jacobi identity (5.2) and therefore E becomes a Courant algebroid.
Conversely, one can construct a degree 3 function Θ ∈ O3(T ∗[2]M ⊕ E[1]) out of a pre-
Courant algebroid (E, g, ρ, J·, ·K) as follows. The anchor map ρ, being a bundle map, can be
identified with a section in Γ(TM ⊗ E∗), which is a function of degree 3 on T ∗[2]M ⊕ E[1].
From g and J·, ·K, one can define the torsion map C∇ : Γ(∧3E)→ C∞(M) by
(5.4) C∇(ξ1, ξ2, ξ3) =
1
2
cycl123 g
(
1
3
(Jξ1, ξ2K− Jξ2, ξ1K)−
(
∇Eρ(ξ1) ξ2 −∇Eρ(ξ2) ξ1
)
, ξ3
)
,
where ξ1, ξ2, ξ3 ∈ Γ(E) and cycl123 denotes the sum over cyclic permutations. As proven
in [1], the identities (5.1) ensure that C∇ is C∞(M)-linear, so that it can be identified with a
section in Γ(∧3E). Set Θ = ρ+C∇. Then, Θ is a degree 3 function which satisfies Eq. (5.3).
Moreover, if J·, ·K satisfies the Jacobi identity (5.2), then we have {Θ,Θ} = 0. Thus we recover
the following
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Theorem 5.2 ([30]). Let (E, g) be a pseudo-Euclidean vector bundle over M . There is a bi-
jection between pre-Courant algebroids (E, g, ρ, J·, ·K) and degree 3 functions Θ ∈ O3(T ∗[2]M⊕
E[1]). They are related via Θ = ρ+C∇.
Moreover, (E, g, ρ, J·, ·K) is a Courant algebroid if and only if {Θ,Θ} = 0.
The above function Θ is called the Hamiltonian generating function of the Courant
algebroid.
Remark 5.3. Both Θ and the Poisson bracket on T ∗[2]M ⊕ E[1] depend on the choice of
metric connection on E. Via the symplectic diffeomorphism Ξ∇ :M→ T ∗[2]M ⊕E[1], both
admit an intrinsic version on M. They satisfy again Eq. (5.3), see [30].
5.3. Dirac generating operators of Courant algebroids. There is another approach to
generate a Courant algebroid, via the so-called Dirac generating operators [1, 8].
From now on, we assume that (E, g) admits a spinor bundle S and that det(S∗)1/N
exists, with N being the rank of S. Then, the twisted spinor bundle, S := S ⊗ (detS∗)1/N ⊗
|∧top T ∗M |1/2, is well-defined. The algebra of real differential operators D(M,S)R, defined
in Proposition 3.18, inherits a Z2-grading and a filtration from D(M,S) (cf. Eqns (3.6)
and (3.8)). In particular, we have
D0(M,S)R ∼= C∞(M) ∼= O0(T ∗[2]M ⊕ E[1]),
D−1 (M,S)R ∼= Γ(E) ∼= O1(T ∗[2]M ⊕ E[1]).
Since the Weyl quantization mapWQ : O(T ∗[2]M⊕E[1])→ D(M,S)R (see Proposition 4.12)
preserves parity (see Theorem 4.9), it induces the following isomorphism:
WQ−1 : D−3 (M,S)R ∼−→ O3(T ∗[2]M ⊕ E[1]) ⊕O1(T ∗[2]M ⊕ E[1]).
The Dorfman bracket can be obtained as a derived bracket of the commutator inD(M,S)R,
for a well-chosen generating operator D ∈ D−3 (M,S)R, as shown in [1]. This approach pro-
vides a quantum analog to the Hamiltonian picture for Courant algebroids, presented in the
previous section. Namely, as the commutator lowers the order by 2 and preserves parity, we
can define
ρ(ξ1)[f ] := [[D, γ(ξ1)], f ] ∈ C∞(M),
Jξ1, ξ2K := [[D, γ(ξ1)], γ(ξ2)] ∈ Γ(E),
∀f ∈ C∞(M), ξ1, ξ2 ∈ Γ(E).(5.5)
They satisfy the following properties.
Proposition 5.4. Let D ∈ D−3 (M,S)R such that σ3(D) 6= 0. Then
• the map ρ and the bracket J·, ·K given by Eq. (5.5) define a pre-Courant algebroid
structure on (E, g);
• the pre-Courant algebroid defined by D as in Eq. (5.5) coincides with the one defined
by its principal symbol σ3(D) as in Eq. (5.3);
• the operator D generates a Courant algebroid if and only if D2 ∈ D2(M,S)R.
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Proof. Using Eq. (3.14), we obtain that the map ρ and the bracket J·, ·K, defined by D via
Eq. (5.5), coincide with the ones determined by σ3(D) via Eq. (5.3). Hence, they define a
pre-Courant algebroid structure on (E, g).
It remains to prove the last point. Since D is odd, we have D2 = 12 [D,D]. As the
commutator lowers the order by 2 and preserves the parity, the operator [D,D] is of order 4,
2 or 0. By Eq. (3.14), its principal symbol satisfies σ4([D,D]) = {σ3(D), σ3(D)}. Hence, D2 ∈
D2(M,S)R if and only if {σ3(D), σ3(D)}=0. The result follows then from Theorem 5.2. 
In [1], a stronger condition of Dirac generating operators was introduced.
Definition 5.5. [1] A Dirac generating operator is an operator D ∈ D−3 (M,S)R, such that
σ3(D) 6= 0 and D2 ∈ D0(M,S)R.
According to Proposition 5.4, a Dirac generating operator indeed generates a Courant
algebroid structure on (E, g) via Eq. (5.5).
The existence of a Dirac generating operator for a given Courant algebroid is nontrivial
and was one of the main results of [1]. Moreover, Dirac generating operators are not unique:
two Dirac generating operators D,D′ defining the same Courant algebroid have the same
principal symbol but may differ by an element γ(ξ) ∈ D−1 (M,S)R satisfying {σ3(D), ξ} = 0.
As an application of our theory, we construct a Dirac generating operator D via the Weyl
quantization map WQ. Following an idea of Sˇevera [32], we uniquely characterize D.
Theorem 5.6. Let (E, g, ρ, J·, ·, K) be a Courant algebroid admitting a twisted spinor bundle S.
There exists a unique Dirac generating operator D ∈ D−3 (M,S)R satisfying:
• D generates the given Courant algebroid;
• D∗ = −D, where ∗ is the adjoint operation defined in (3.23).
Moreover, we have D =WQ(Θ), where Θ ∈ O3(T ∗[2]M⊕E[1]) is the Hamiltonian generating
function of (E, g, ρ, J·, ·, K).
We need a lemma first.
Lemma 5.7. The Weyl quantization map WQ induces a linear isomorphism
(5.6) WQ : O3(T ∗[2]M ⊕ E[1]) ∼−→ {D ∈ D−3 (M,S)R| D∗ = −D},
which establishes a bijection between Hamiltonian generating functions and skew-symmetric
Dirac generating operators.
Proof. According to Proposition 4.12, we have WQ(F )∗ = (−1)⌊k/2⌋WQ(F ) for all F ∈
Ok(T ∗[2]M ⊕ E[1]). Hence, the map WQ sends O1(T ∗[2]M ⊕ E[1]) to the space of self-
adjoint operators in D−3 (M,S)R and O3(T ∗[2]M⊕E[1]) to the space of skew-adjoint operators
in D−3 (M,S)R. Thus, the map (5.6) is indeed an isomorphism.
Let Θ be a function of degree 3 and D =WQ(Θ). By Corollary 4.13, we have
2(WQ)−1(D2) = {Θ,Θ}+B4(Θ,Θ) +B6(Θ,Θ),
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where B6(Θ,Θ) is of degree 0 and B4(·, ·) is a symmetric bidifferential operator. As Θ is
of odd degree, we get B4(Θ,Θ) = 0. As a consequence, we conclude that {Θ,Θ} = 0 is
equivalent to D2 ∈ D0(M,S)R. 
Proof of Theorem 5.6. Let Θ ∈ O3(T ∗[2]M ⊕ E[1]) be the Hamiltonian generating func-
tion of (E, g, ρ, J·, ·, K). By Proposition 5.4, a Dirac generating operator D ∈ D−3 (M,S)R of
(E, g, ρ, J·, ·, K) satisfies σ3(D) = Θ. According to Lemma 5.7, there exists a unique such D
satisfying in addition D∗ = −D, and it is given by D =WQ(Θ). 
Next we will describe an explicit formula for the skew-symmetric Dirac generating oper-
ator D. By uniqueness, D does not depend on any choice of connections. However, the Weyl
quantization map WQ does. This is reflected in the formula (5.7) below giving D, which is
written in terms of connections ∇S on S and ∇ on E ⊗ TM , both of which are induced by a
connection on TM and compatible connections on S and E. In addition, the formula (5.7)
involves the torsion C∇ ∈ Γ(∧3E) (see Eq. (5.4)), a basis of local sections (ξa) of E and the
metric components gab, defined by g
bc = g(ξb, ξc) and gabg
bc = δca.
Corollary 5.8. Let (E, g, ρ, J·, ·K) be a Courant algebroid. The skew-symmetric Dirac gener-
ating operator is given by the following formula
(5.7) D =
1√
2
[
gab γ(ξ
a)∇Sρ(ξb) +
1
2
γ(C∇) +
1
2
γ (Tr ∇ρ)
]
,
where ∇ρ ∈ Γ(E ⊗ TM ⊗ T ∗M) indeed admits a trace (see (4.13)).
Proof. By Theorem 5.6 and Theorem 5.2, we know that D =WQ(Θ) with Θ = ρ+C∇. The
result follows from Proposition 4.10. 
5.4. An alternative formula for Dirac generating operators. We now prove that the
Dirac generating operator constructed by Alekseev and Xu in [1] coincides with the operator
given by Eq. (5.7). We need to introduce several notations, directly borrowed from [1].
Definition 5.9. [1] Let (E, g, ρ, J·, ·K) be a Courant algebroid and V → M a vector bundle.
A R-bilinear map ∇ : Γ(E) ⊗R Γ(V ) → Γ(V ) is called an E-connection on V if it satisfies
the following properties,
∇fξ v = f∇ξ v,
∇ξ (fv) = f∇ξ v + ρ(ξ)[f ] · v,
for all ξ ∈ Γ(E), v ∈ Γ(V ) and f ∈ C∞(M).
Remark 5.10. An ordinary connection ∇ on V induces an E-connection in the following
way
(5.8) ∇ξ v := ∇ρ(ξ) v, ∀ξ ∈ Γ(E), v ∈ Γ(V ).
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Let ∇E be an E-connection on E. According to [1],
(5.9) C∇(ξ1, ξ2, ξ3) =
1
2
cycl123 g
(
1
3
(Jξ1, ξ2K− Jξ2, ξ1K)−
(
∇
E
ξ1ξ2 −∇Eξ2ξ1
)
, ξ3
)
defines a section of Γ(∧3E), where cycl123 denotes the sum over cyclic permutations. This is
called the torsion of E with respect to ∇E . If ∇E is induced from an ordinary connection
∇E as in Eq. (5.8), then C∇ coincides with the torsion C∇, introduced previously in Eq.
(5.4).
Let (ξa) be a basis of local sections of E. For any ξ ∈ Γ(E), the function Div ξ ∈ C∞(M),
defined by
(5.10) Div ξ =
∑
a
g(∇Eξaξ, ξ
a),
does not depend on the chosen local basis (ξa). We call Div ξ the divergence of ξ. Then,
(5.11) ∇Λξ s := Lρ(ξ) s− (Div ξ)s
defines an E-connection on ∧top T ∗M . Here Lρ(ζ) s stands for the Lie derivative of s ∈
Γ(∧top T ∗M) along the vector field ρ(ζ) ∈ X(M).
Lemma 5.11. Let ∇E be a metric connection on E. It induces an E-connection on E as in
Eq. (5.8) and an E-connection ∇Λ on ∧top T ∗M via Eq. (5.11). For any affine connection
∇TM on TM , we have the relation
∇
Λ
ξ = ∇Λρ(ξ) + g(ξ,Tr ∇ρ), ∀ξ ∈ Γ(E),
where ∇Λ and ∇ are induced connections on ∧top T ∗M and E ⊗ TM respectively.
Proof. The Lie derivative on ∧top T ∗M satisfies the equation :
(5.12) Lρ(ξ) = ∇Λρ(ξ) +Tr ∇TM (ρ(ξ)) .
Since∇E preserves the metric, we have∇TM (ρ(ξ)) = g(∇ρ, ξ)+g(ρ,∇Eξ). This is an equality
in Γ(TM ⊗ T ∗M), so that we can take the trace,
(5.13) Tr ∇TM(ρ(ξ)) = g(Tr ∇ρ, ξ) + Div ξ,
where the divergence of ξ is computed for the E-connection on E induced by ∇E. The
conclusion follows by combination of Eqns (5.11), (5.12) and (5.13). 
An E-connection on E preserves the metric if
ρ(ξ1)[g(ξ2, ξ3)] = g(∇
E
ξ1 ξ2, ξ3) + g(ξ2,∇
E
ξ1 ξ3),
for all ξ1, ξ2, ξ3 ∈ Γ(E). An E-connection ∇E on E and an E-connection ∇S on S are
compatible if∇E preserves the metric and both E-connections induce the same E-connection
on the Clifford algebra bundle Cl(E) ∼= EndS. By Eq. (5.11), such a pair of compatible E-
connections induces an E-connection on the twisted spinor bundle S = S ⊗ (detS∗)1/N ⊗
|∧top T ∗M |1/2.
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Proposition 5.12. Let (E, g, ρ, J·, ·K) be a Courant algebroid with twisted spinor bundle S.
The unique skew-symmetric Dirac generating operator is given by
(5.14) D =
1√
2
[
gab γ(ξ
a)∇Sξb +
1
2
γ(C∇)
]
,
where ∇S is the E-connection on S induced by compatible E-connections on S and E. Here,
(ξa) is a basis of local sections of E and gab are the metric components.
Proof. According to [1, Theorem 4.3], the formula (5.14) does not depend on the choice of
E-connections on E and S. Hence, we can start with E-connections induced by ordinary
connections. In this case, we have C∇ = C∇ and ∇Sξ = ∇Sρ(ξ) + g(ξ,Tr ∇ρ) by Lemma 5.11.
Substituting both equalities in Eq. (5.14) yields Eq. (5.7). The result follows. 
5.5. A Courant algebroids invariant. Since a skew-symmetric generating operator D is
unique, then D2 ∈ C∞(M) is an invariant of the Courant algebroid. It is natural to ask how
this invariant can be described geometrically.
Let (E, g, ρ, J·, ·K) be a Courant algebroid. By abuse of notation, we denote by g the
metric on ∧E induced by the metric on E as follows, g(ξ, η) = det(g(ξi, ηj)) for all ξ =
ξ1 ∧ · · · ∧ ξk and η = η1 ∧ · · · ∧ ηk in Γ(∧kE). Using a metric connection ∇E on E and an
affine connection on TM , we define fE ∈ C∞(M) by
(5.15) fE = g(C∇,C∇)− g (Tr ∇ρ,Tr ∇ρ)− 2Div (Tr ∇ρ) ,
where C∇ is the torsion defined by Eq. (5.4), ∇ is the induced connection on E ⊗ TM and
Div (Tr ∇ρ) =∑a g (ξa,∇Eρ(ξa) (Tr ∇ρ)) is the divergence of Tr ∇ρ ∈ Γ(E), see Eq. (5.10).
Theorem 5.13. The function fE defined by Eq. (5.15) satisfies the following properties:
(1) fE is independent of the choice of the connections ∇ and ∇E;
(2) {Θ, fE} = 0, where Θ = ρ+C∇ is the Hamiltonian generating function of (E, g, ρ, J·, ·K);
(3) if (E, g) admits a twisted spinor bundle, then fE = −8D2, where D is the skew-
symmetric Dirac generating operator of (E, g, ρ, J·, ·K).
Proof. In view of definition (5.15) of the function fE, it is sufficient to prove the three above
properties locally, over a contractible open subset U ⊂M .
Restricted to U , a pseudo-Euclidean vector bundle (E|U , g) always admits a twisted
spinor bundle S|U . According to Theorem 5.6, we obtain a skew-symmetric Dirac generating
operator D ∈ D(U,S|U )R. By a straightforward computation using Eq. (5.7), we check that
fE = −8D2. The other claims follow, in particular {Θ, fE} = −8σ2([D,D2]) = 0. 
As a consequence, the function fE is an invariant of the Courant algebroid. Our next
goal is to provide an intrinsic formula for this function. We first recall some standard facts on
the structure of a Courant algebroid (E, g, ρ, J·, ·K). It is well-known that (ker ρ)⊥ ⊂ ker ρ (see
e.g. [30]). Moreover, (ker ρ)⊥ and ker ρ are two-sided ideals in E for the Dorfman bracket.
Hence, the quotient
G := ker ρ/(ker ρ)⊥
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is a bundle of quadratic Lie algebras, whose fiberwise Lie bracket [·, ·]G and non-degenerate ad-
invariant scalar product (·, ·)G are inherited from the Dorfman bracket J·, ·K and the metric g
(for further details, see [9]). Since fibers of G are quadratic Lie algebras, we have an analogue
of Cartan 3-form CG ∈ Γ(∧3G):
CG(r1, r2, r3) :=
(
[r1, r2]
G , r3
)G
,
for all r1, r2, r3 ∈ Γ(G). If ρ is of constant rank over a neighborhood of a point x ∈ M ,
we say that the Courant algebroid is regular at the point x. In this case, CG is smooth in
a neighborhood of x. Note that regular points form a dense open subset Mreg of the base
manifold M .
Theorem 5.14. Let (E, g, ρ, J·, ·K) be a Courant algebroid. On Mreg, we have
fE = g(CG ,CG).
Proof. As both sides of the above equality depend only on the local structure of the Courant
algebroid, we can assume that E is a regular Courant algebroid.
We recall some useful constructions regarding regular Courant algebroids given in [9].
The vector bundle E admits a splitting:
(5.16) E ∼= F ∗ ⊕ G ⊕ F,
where F = ρ(E) ⊂ TM is an integrable distribution. Under the above isomorphism, the
anchor map ρ becomes projection ρ : E → F and each section ξ ∈ Γ(E) decomposes as
ξ = η + r + x, with η ∈ Γ(F ∗), r ∈ Γ(G) and x ∈ Γ(F ). In the reminder of the proof,
we use the decomposition ξi = ηi + ri + xi, for all ξi ∈ Γ(E). Let ∇TM be a torsion-free
affine connection on TM and denote by ∇F and ∇F ∗ the induced connections on F and
F ∗ respectively. According to [9, Proposition 1.1] and [9, Lemma 1.4], there exists a metric
F -connection ∇G : Γ(F )⊗ Γ(G)→ Γ(G) and a section H ∈ Γ(∧3F ∗) such that the formula
(5.17) ∇′ξ1 ξ2 =
(∇F ∗x1 η2 − 13H(x1, x2, ·))+ (∇Gx1 r2 + 23[r1, r2]G)+∇Fx1 x2, ∀ξ1, ξ2 ∈ Γ(E),
defines a E-connection ∇′ on E. As shown in [9, Formula (3.1)], the torsion of ∇′ reads as
(5.18) C∇′(ξ1, ξ2, ξ3) = H(x1, x2, x3) + cycl123 (R(x1, x2), r3)G − CG(r1, r2, r3),
for all ξi ∈ Γ(E), i = 1, 2, 3, where R : ∧2F → G is a certain bundle map.
To compute fE via Eq. (5.15), we need a metric connection on E and an affine connection
on TM . For the latter, we choose the above connection ∇TM . As for the metric connection
on E, we define it as follows. Pick a Riemannian metric on M and denote by F⊥ ⊂ TM the
orthogonal distribution to F . Choose a metric connection ∇˜G on G and define a new metric
connection on G by setting
∇GX r := ∇GXF (r) + ∇˜GXF⊥ (r), ∀X ∈ X(M), r ∈ Γ(G),
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where the splitting X = XF + XF⊥ corresponds to the decomposition TM = F ⊕ F⊥. A
metric connection on E can then be defined by the following formula
(5.19) ∇E := ∇F ∗⊕∇G ⊕∇F .
Since the anchor map ρ is identified with the projection onto F through the decomposition
(5.16), it is simple to check that
∇ρ = ∇TM ◦ ρ− ρ ◦ ∇E = 0.
According to Eq. (5.15), then we have
(5.20) fE = g(C∇,C∇),
with C∇ being the torsion of E with respect to ∇E.
Our next goal is to compute C∇. The connection ∇E defined in Eq. (5.19) induces an
E-connection given explicitly by
∇ξ1 ξ2 = ∇F
∗
x1 η2 +∇Gx1 r2 +∇Fx1 x2, ∀ξ1, ξ2 ∈ Γ(E).
In view of Eq. (5.17), the E-connections ∇ and ∇′ are related as follows:
∇
′
ξ1 ξ2 −∇ξ1 ξ2 = −
1
3
H(x1, x2, ·) + 2
3
[r1, r2]
G .
Using the fact that C∇ = C∇ and Eq. (5.9), we deduce that
C∇(ξ1, ξ2, ξ3)− C∇′(ξ1, ξ2, ξ3) = cycl123 g
(
−1
3
H(x1, x2, ·) + 2
3
[r1, r2]
G , ξ3
)
,
= −1
3
cycl123 (H(x1, x2, x3)) +
2
3
cycl123 g
(
[r1, r2]
G , r3
)
,
= −H(x1, x2, x3) + 2CG(r1, r2, r3),
for all ξi ∈ Γ(E), i = 1, 2, 3. Therefore, by Eq. (5.18), we have
C∇(ξ1, ξ2, ξ3) = CG(r1, r2, r3) + cycl123 (R(x1, x2), r3)
G .
This means that C∇−CG ∈ Γ(∧2F ⊗G). Using the fact that g(F,F ⊕G) = 0 and Eq. (5.20),
we obtain fE = g(CG ,CG). 
Remark 5.15. By definition, the function fE is always smooth, even for a non-regular
Courant algebroid E. Therefore, one can consider the function fE as the smooth extension
of g(CG , CG) from Mreg to M . There is no reason to expect that the function g(CG , CG) itself
is smooth at the non-regular points of E, but we were unable to find an example of Courant
algbroid such that g(CG , CG) 6= fE.
6. Applications to Lie bialgebroids
6.1. Weyl quantization in the splittable case. From now on, we assume that the pseudo-
Euclidean vector bundle (E, g) splits as E := A⊕A∗ and the pseudo-metric is given by
(6.1) g(ζ1 + η1, ζ2 + η2) =
1
2
〈ζ1, η2〉+ 1
2
〈ζ2, η1〉, ∀ζ1, ζ2 ∈ Γ(A), η1, η2 ∈ Γ(A∗),
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where 〈·, ·〉 is the duality pairing between A and A∗. The previous constructions can then be
described more explicitly.
According to Example 3.1, SR := ∧A∗ is a real spinor bundle of (E, g). Under the
identification
Γ(SR) = O(A[1]),
the Clifford action of Γ(E), given in (3.3), reads as
(6.2) γ(ζ)φ = 〈ζ, ηa〉
(
∂
∂ηa
φ
)
and γ(η)φ = ηφ, ∀ζ ∈ Γ(A), η ∈ Γ(A∗), φ ∈ O(A[1]),
where (ηa) is a basis of local sections of A∗. We will need the following relations later on,
(6.3) γ(ψ)φ = ψφ and γ(ψζ)φ =
(
〈ζ, ηa〉ψ ∂
∂ηa
+
(−1)κ
2
〈ζ, ψ〉
)
φ,
for all ζ ∈ Γ(A), ψ ∈ Oκ(A[1]), φ ∈ O(A[1]). Assume that the line bundle L := ∧topA ⊗
∧top T ∗M admits a square root and set SR := ∧A∗ ⊗ L1/2. Since detSR ∼= (∧topA∗)N ,
with N being the rank of ∧A∗, the C-vector bundle S := SR ⊗ C defines a twisted spinor
bundle (see Section 3.3). Accordingly, the R-vector bundle SR is called a real twisted spinor
bundle. By pull-back along π : A[1] → M , the line bundle π∗L can be identified with the
Berezinian line bundle BerA → A[1] (see e.g. [19, 14]). Therefore, we obtain an isomorphism
of O(A[1])-modules
(6.4) υ : Γ(SR)
∼−−→ Γ(Ber 1/2A ).
A connection on A induces a metric connection ∇E on E and a compatible spinor
connection ∇S on SR. In addition, a connection on TM induces a spinor connection ∇S
on SR, compatible with ∇E, and a connection ∇ on the line bundle Ber 1/2A → A[1]. The
latter can be defined as follows. First, note that the space of vector fields X(A[1]) is linearly
spanned by the vector fields X which, as derivations of O(A[1]) = Γ(SR), take the form
(6.5) X = f · ∇SX0 + g · γ(ζ),
with f, g ∈ O(A[1]), X0 ∈ X(M) and ζ ∈ Γ(A). By setting
∇X := υ ◦
(
f · ∇SX0 + g · γ(ζ)
)
◦ υ−1,
one obtains a well-defined connection ∇ on Ber 1/2A .
The algebra D(A[1],Ber 1/2A ), of differential operators on Ber 1/2A , is a subalgebra of
End
(
Γ(Ber
1/2
A )
)
generated by multiplication operators by functions on A[1] and covariant
derivatives ∇X , ∀X ∈ X(A[1]).
Lemma 6.1. The map defined by ΥA(D) := υ ◦ D ◦ υ−1, ∀D ∈ D(M,SR), provides an
isomorphism of algebras
ΥA : D(M,SR) ∼−−→ D
(
A[1],Ber
1/2
A
)
.
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Proof. By Eq. (6.4), the map ΥA(·) = υ ◦ · ◦ υ−1 is an algebra isomorphism between
End(Γ(SR)) and End(Γ(Ber
1/2
A )). Since generators of D(M,SR) and D
(
A[1],Ber
1/2
A
)
are
clearly in bijection via ΥA, the result follows. 
Since the metric g in Eq. (6.1) is half the duality pairing, by Lemma 2.3, we have a
symplectic diffeomorphism Ξ˜∇ between T ∗[2](A[1]) and (T ∗[2]M ⊕ E[1], ω2g,∇E ). Therefore,
the map ΦA := (Ξ˜∇)−1 ◦ (idT ∗M ⊕
√
2 idE) defines a symplectic diffeomorphism:
ΦA : T
∗[2]M ⊕ E[1] ∼−−→ T ∗[2]A[1].
Consider the Weyl quantization map WQ : O(T ∗[2]M ⊕ E[1])→ D(M,S)R (see Proposition
4.12). According to Remark 3.19, the restriction from S to SR induces an algebra isomorphism
R : D(M,S)R ∼−−→ D(M,SR).
Definition 6.2. The Weyl quantization on T ∗[2](A[1]) is the map
WQA : O(T ∗[2](A[1])) −→ D(A[1],Ber 1/2A ),
which is given by WQA := ΥA ◦ R ◦WQ ◦ (ΦA)∗.
Note that WQA is a linear isomorphism.
Remark 6.3. Connections on A and TM give rise to a connection ∇ on T (A[1])→ A[1]. It
would be interesting to compare WQA with the Weyl quantization constructed directly from
the induced connections on T (A[1])→ A[1] and Ber 1/2A → A[1] via Eq. (4.7).
There is a notion of Lie derivative on the space of sections Γ(Ber
1/2
A ) (see e.g. [19]). We
will need its expression in local affine coordinates (xi, ηa) on A[1]. Assume that X ∈ X(A[1])
is a vector field of degree κ. Using the local expression X = Xi ∂
∂xi
+Xa ∂∂ηa , where X
i and
Xa are local functions on A[1], the Lie derivative on Ber
1/2
A reads as
(6.6) LX = X
i ∂
∂xi
+Xa
∂
∂ηa
+
1
2
(
∂
∂xi
Xi + (−1)κ+1 ∂
∂ηa
Xa
)
,
in the trivialization of Ber
1/2
A provided by (∧dxi⊗
∏
ζa)
1/2, with (ζa) the dual frame of (η
a).
Proposition 6.4. For any vector field X ∈ X(A[1]), we have
(6.7) WQA(FX ) = LX ,
where FX is the fiberwise linear function on T
∗[2](A[1]) corresponding to X.
Proof. Let X ∈ X(A[1]) be a vector field of degree κ. It suffices to prove Eq. (6.7) at each
point x ∈ M . Consider local affine coordinates (xi, ηa) on A[1] obtained by pull-back of a
Cartesian coordinate system on TxM ×Ax, via the map Tx defined in Eq. (4.3). This system
of coordinates induce fiberwise coordinates (ζa) of A and (pi) of T
∗M . Then, (xi, ηa, pi, ζa)
is a local coordinate system of both T ∗[2](A[1]) and T ∗[2M ⊕ E[1]. By Eq. (2.5), the map
ΦA : T
∗[2]M ⊕ E[1]→ T ∗[2]A[1] satisfies then
(ΦA)
∗xi = xi, (ΦA)∗p∇i = pi, (ΦA)
∗ηa =
√
2ηa, (ΦA)
∗ζa =
√
2ζa,
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where p∇i is the fiberwise linear function on T
∗[2](A[1]) corresponding to the vector field
∇Ai on A[1]. Note that ∇Ai = ∂∂xi + Γaibηb ∂∂ηa , where the real function Γaib vanishes at x by
definition of the coordinates (xi, ηa). Using the local expression X = Xi ∂
∂xi
+ Xa ∂∂ηa , we
obtain
(ΦA)
∗FX = (
√
2)κ
(
Xi · (pi + Γaibηbζa)+ 2Xaζa).
From Eqns (4.15)-(4.17) and Γaib(x) = 0, we deduce that(
WQA(FX)ψ
)
(x, η) =
(
γ
(
Xi(x, η)
) ∂
∂xi
+ 12 γ
( ∂
∂xi
Xi(x, η)
)
+ γ
(
Xa(x, η)ζa
))
ψ (x, η),
in the trivialization of Ber
1/2
A provided by (∧dxi ⊗
∏
ζa)
1/2. The result follows then from
Eqns (6.3) and (6.6). 
Remark 6.5. Let X ∈ X(A[1]) be a vector field as in Eq. (6.5). According to Eqns (4.18)
and (6.7), the Lie derivative on Ber
1/2
A is given by
LX = ∇X + 1
2
(
Tr∇(fX0) + 〈ζ, g〉
)
.
Remark 6.6. Let α′ : OC(A[1]) → OC(A[1]) be the C∞(M)-linear antiautomorphism sat-
isfying α′(φ0) = φ0 if φ0 ∈ OC1 (A[1]). The map α′ extends naturally to Γ
(
Ber
1/2
A
) ⊗ C ∼=
OC(A[1]) ⊗C∞ Γ(L1/2) by setting α := α′ ⊗ id. Let
ε =
{
1 if rkA ≡ 0, 1 mod 4,
i if rkA ≡ 2, 3 mod 4.
Via the Berezin integration over the supermanifold A[1], we define a pseudo-Hermitian scalar
product
(φ,ψ) = ε
∫
A[1]
α(φ)ψ,
on the space of compactly supported sections Γc(Ber
1/2
A )⊗C. Under the isomorphism υ⊗idC :
Γ(S)
∼−−→ Γ(Ber 1/2A )⊗C, the above scalar product on Ber 1/2A ⊗C furnishes a globalization of
the local spinor scalar product on S given in Eq. (3.22). Accordingly, the adjoint operation on
D(M,S), defined in Proposition 3.16, coincides with the one defined on D(A[1],Ber 1/2A ⊗ C)
by the above scalar product.
6.2. Preliminaries on Lie algebroids. Now let A be a Lie algebroid. According to [11],
the line bundle L = ∧topA⊗∧top T ∗M carries a representation of the Lie algebroid (A, [·, ·], ρ),
given by
Dζ(v ⊗ s) := [ζ, v]⊗ s+ v ⊗ Lρ(ζ) s,
with ζ ∈ Γ(A), v ∈ Γ(∧topA) and s ∈ Γ(∧top T ∗M). Here the bracket stands for the
Schouten bracket on Γ(∧A), and Lρ(ζ) s stands for the Lie derivative of s ∈ Γ(∧top T ∗M)
along the vector field ρ(ζ) ∈ X(M). Since the map ζ 7→ Dζ is C∞(M)-linear, for each section
v ⊗ s ∈ Γ(L), there exists a unique η0 ∈ Γ(A∗) such that
(6.8) Dζ(v ⊗ s) = 〈η0, ζ〉 v ⊗ s, ∀ζ ∈ Γ(A).
38 MELCHIOR GRU¨TZMANN, JEAN-PHILIPPE MICHEL, AND PING XU
The element η0 is called the modular cocycle of the Lie algebroid (A, [·, ·], ρ) associated to
the section v ⊗ s ∈ Γ(L). Assume the square root of L exists. Then, L1/2 admits an action
of the Lie algebroid A, defined by
(6.9) D˜ζ
(
(v ⊗ s)1/2) := 1
2
〈η0, ζ〉 (v ⊗ s)1/2.
The Chevalley-Eilenberg differential Q of the Lie algebroid A is a differential of the
complex
⊕
k Γ(∧kA∗), namely
Q(φ0)(ζ0, . . . , ζk) =
rkA∑
a=0
(−1)aρ(ζa)
[
φ0(ζ0, . . . , ζˆa, . . . , ζk)
]
+
∑
a<b
(−1)a+bφ0([ζa, ζb], ζ0, . . . , ζˆa, . . . , ζˆb, . . . , ζk),
where φ0 ∈ Γ(∧kA∗) and ζ0, . . . , ζk ∈ Γ(A). Equivalently, Q is a homological vector field
on A[1]. In local coordinates (xi, ηa), the expression of Q is
(6.10) Q = ρia η
a ∂
∂xi
+
1
2
Cabc η
cηb
∂
∂ηa
,
where, by definition,
ρia = 〈ρ(ζa), dxi〉 and Cabc = 〈[ζb, ζc], ηa〉
are smooth functions on the base manifold and (ζa) is the dual frame to (η
a). From Eq. (6.9),
we obtain another differential Q˜, defined on the complex
⊕
k Γ(∧kA∗ ⊗ L1/2) ∼= Γ(Ber 1/2A ):
Q˜(φ)(ζ0, . . . , ζk) =
rkA∑
a=0
(−1)aD˜ζa
(
φ(ζ0, . . . , ζˆa, . . . , ζk)
)
+
∑
a<b
(−1)a+bφ([ζa, ζb], ζ0, . . . , ζˆa, . . . , ζˆb, . . . , ζk),
where φ ∈ Γ(∧kA∗ ⊗ L1/2) and ζ0, . . . , ζk ∈ Γ(A).
Proposition 6.7. Let Q ∈ X(A[1]) be the homological vector field of the Lie algebroid A. As
an operator on Γ(Ber
1/2
A ), the differential Q˜ satisfies
(6.11) Q˜ = LQ .
If φ = φ0 ⊗ (v ⊗ s)1/2 ∈ Γ(∧A∗ ⊗ L1/2), we have
(6.12) LQ(φ) =
(
Q(φ0) +
1
2η0φ0
)⊗ (v ⊗ s)1/2,
where η0 ∈ Γ(A∗) is the modular cocycle of the Lie algebroid A associated to the section v⊗s.
Proof. Let φ = φ0 ⊗ (v ⊗ s)1/2 ∈ Γ(∧A∗ ⊗ L1/2). A direct computation shows that Q˜φ =(
Q + 12η0
)
φ0 ⊗ (v ⊗ s)1/2. It suffices then to prove that LQ = Q˜ in a local coordinate
system (xi, ηa) on A[1]. We work in the trivialization of L1/2 provided by the local section(∧dxi ⊗∏ ζa)1/2, with (ζa) the dual frame to (ηa). By Eqns (6.2), (6.6) and (6.10), we have
LQ = Q+
1
2
(
∂
∂xi
ρib + C
a
ba
)
ηb.
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By Eq. (6.8), the modular cocycle w.r.t. the local section
(∧dxi ⊗∏ ζa) satisfies η0 = ∂∂xi ρib+
Caba. The result follows. 
Remark 6.8. Each section v⊗s ∈ Γ(L) defines a section of the Berezinian bundle 1⊗(v⊗s) ∈
Γ
(
BerA
)
and then a divergence by the formula: DivX = LX(1⊗v⊗s)1⊗v⊗s , see e.g. [19]. The above
proposition shows that DivQ = η0. This result was proved in the more general case of
skew-algebroids in [14].
6.3. Dirac generating operators for Lie bialgebroids. Let
(
A, [·, ·], ρ) and (A∗, [·, ·]∗, ρ∗)
be two Lie algebroids, with homological vector fields Q ∈ X(A[1]) and Q∗ ∈ X(A∗[1]) respec-
tively. The Lie algebroid brackets, extended by the Leibniz rule, turn
(O(A∗[1]), [·, ·]) and(O(A[1]), [·, ·]∗) into Gerstenhaber algebras (see [18, 38]). The pair (A,A∗) is a Lie bialge-
broid if Q∗ is a derivation of the Gerstenhaber algebra
(O(A∗[1]), [·, ·]), or equivalently if Q
is a derivation of the Gerstenhaber algebra
(O(A[1]), [·, ·]∗).
The duality pairing between A and A∗ extends to their exterior powers and leads to an
isomorphism (see [8])
βk : ∧kA⊗ (∧nA∗ ⊗ ∧top T ∗M)1/2 −→ ∧n−kA∗ ⊗ L1/2,
where n is the rank of A and 0 ≤ k ≤ n. In turn, the maps (βk) induce an isomorphism
β : Γ
(
Ber
1/2
A∗
) ∼−−→ Γ(Ber 1/2A ).
By symmetry in A and A∗, the maps ΦA, ΥA and WQA introduced in Section 6.1 have
counterparts ΦA∗, ΥA∗ and WQA∗ . We also denote by LX the Lie derivative on Γ
(
Ber
1/2
A∗
)
,
along a vector field X ∈ X(A∗[1]).
As a consequence of Theorem 5.6, we recover the following main theorem of [8].
Theorem 6.9. [[8]] Let (A,A∗) be a pair of Lie algebroids with homological vector fields Q ∈
X(A[1]) and Q∗ ∈ X(A∗[1]), respectively. Let FQ ∈ O
(
T ∗[2](A[1])
)
and FQ∗ ∈ O
(
T ∗[2](A∗[1])
)
be their corresponding Hamiltonian functions. Set Θ = FQ + (ΦA∗ ◦ Φ−1A )∗FQ∗ . The three
following statements are equivalent:
• (A,A∗) is a Lie bialgebroid,
• {Θ,Θ} = 0,
• (LQ+β ◦ LQ∗ ◦β−1)2 ∈ C∞(M).
Proof. The equivalence between the first two points is proved in [29].
We prove the equivalence between the last two points. By Theorem 5.6,WQ((ΦA)∗Θ) is
a Dirac generating operator if and only if {(ΦA)∗Θ, (ΦA)∗Θ} = 0, as a function on T ∗[2]M ⊕
E[1]. Since ΥA is an algebra isomorphism and ΦA is a symplectic diffeomorphism, we deduce
that {Θ,Θ} = 0 if and only ifWQA(Θ)2 ∈ C∞(M). The conclusion follows from the Lemma
below. 
Lemma 6.10. Under the hypothesis of Theorem 6.9, we have WQA(Θ) = LQ+β ◦LQ∗ ◦β−1.
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Proof. By Proposition 6.4, we have WQA(FQ) = LQ. By symmetry in A and A∗ we also
have WQA∗(FQ∗) = LQ∗ . Since ΥA = β ◦ΥA∗ ◦ β−1, the conclusion follows. 
According to Proposition 6.7, the above Dirac generating operator is also equal to
WQA(Θ) = Q˜+ β ◦ Q˜∗ ◦ β−1,
with Q˜ being the differential on Γ(Ber
1/2
A ) and Q˜∗ the differential on Γ
(
Ber
1/2
A∗
)
. This expres-
sion is the one obtained in [8].
Choosing s ∈ Γ(∧top T ∗M), v ∈ Γ(∧topA) and w ∈ Γ(∧topA∗), we obtain modular
cocycles η0 ∈ Γ(A∗) and ζ0 ∈ Γ(A) of the Lie algebroids A and A∗ respectively. We work
locally and assume that 〈v,w〉 = 1. Then, v provides a local isomorphism v♯ : Γ(∧kA∗) →
Γ(∧n−kA), and we define Q̂∗ := (−1)k(v♯)−1 ◦Q∗ ◦ v♯ on Γ(∧kA∗), for all k ∈ N. According
to [8], we have
WQA(Θ) =
(
Q− Q̂∗ + 1
2
η0 +
1
2
γ(ζ0)
)
⊗ idL1/2 ,
under the local trivialization of L1/2 provided by the section (v ⊗ s)1/2. As a consequence of
Proposition 5.13, we obtain
Corollary 6.11. The function 2WQA(Θ)2 = 12〈ζ0, η0〉 − Q̂∗η0 is an invariant of the Lie
bialgebroid (A,A∗).
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